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Abstract
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1 January 12: introduction.

This quarter, we are discussing Newton-Thorne’s work giving holomorphic continuation (HC)
of symmetric power L-functions. (We have generally found it easier to get meromorphic con-
tinuation (MC), because that follows from an L-function being automorphic after an uncon-
trollable finite base change [“potentially automorphic”], whereas HC requires automorphy
with the original base.)

1.1 Statement of theorem

Let f be a cuspidal holomorphic eigenform of weight & > 2 (k must be even) for SLy(Z).
Recall that f is a function

f:H={reC|im(r) >0} - C

such that

f (Z_—iz) = (et + d)* f(7) for all <CCL Z) € SLy(Z)

and also f(7) — 0 as 7 — ioco. For all p we have

_lp_l T+1 k=1 p(pn) —
Tpf—p;f< - >+p F(or) = anf

for some a, € C. The T}s for all p are simultaneously diagonalizable, and the C-vector space
Sk of such f is finite-dimensional. The best-known example is

A(T) — e27ri7' H(]- o 627rin’r)24 _ 627ri7' o 24647ri7 4= Z T(n)BQTrinT
n=1 —)



where T,A = 7(p)A. Factor

2 =+ pt = (z - ) (z = 5,).
Deligne showed that |a,| = |3,| = p*~Y/2. For n > 1, we define

L8y ) = 111 (1— L. )

p =0

Because of Deligne’s bounds, this is holomorphic on R(s) > 1+ % We define

n/2
Loo,n,k(s) - H 2(271—)*(s+(i7n/2)(k71))r<1 + (Z . ’I”L/Q)(k . 1))
=1

if n is even, and

S WO .
Lw,n,k(s)zw—é(s—m—”&—%é)F(s 5(n—1)(k 1)+5)

2
L 2y e (s (225 )

if n is odd, where

5 - 0 ifn=1 (mod4)
|1 ifn=-1 (mod 4).

Theorem 1.1.1 (Newton-Thorne). L(f,Sym" ', s) continues to a holomorphic function on
all of C and satisfies the functional equation

Loomp((n—1)(k—=1)+1—s)L(f,Sym™ ', (n —1)(k—1)+1—5)
= (=M VP L k() L(f, Sym™ !, )

(except if n = 1, where there is a simple pole at s = 1).

1.2 History
For n = 1, we have L(f,Sym’, s) = ((s), and Riemann showed in 1859 that

720 (5/2)C(s) = 7 DRD((1 - 5)/2)C(1 — 5).
For n = 2, Hecke showed in 1936 that
(27)7*T(s)L(f,Sym?', s) = (—1)*/3(27)>*I'(k — s)L(f, Sym*, k — 1)

using I'(s fo (iy)y*~dy. For n = 3, Shimura showed in 1975 that
2—k
275 3/20 (s)T (HT) L(f,Sym?, s)
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is the same as this expression evaluated at 2k — 1 — s. As in the previous cases, he did this
by writing the LHS in the form

1 1—k _ dzd
(27)°T <S+ )F (8+ )/ f(x + iy)h(z + iy) Bl + iy, s — 1)~
H/To(4) Y

2 2

where h(7) = L+ 3% 2™"°T and Ey (v +iy, s —1) is a 1/2-integral-weight Eisenstein series,
so that analytic continuation of the L-function follows from analytic continuation for the
Eisenstein series. (Rankin 1939 had already established meromorphic continuation and the
functional equation (FE), using a different analytic method.) n = 4,5 was done by Kim-
Shahidi 1999-2002 (again, MC+FE was done first by Langlands and Shahidi 1971). MC+FE
for all n was completed in 2010; HC was done for n = 6,7, 8,9 by Clozel-Thorne 2014-17.

For n > 4, instead of analytic techniques, the general strategy has been to show that
there exists a cuspidal automorphic representation m,, on G L, (A) such that

L(f,Sym™ ', s) = L(m,, s).

Then L(7,, s) has the desired properties by Godement-Jacquet 1972. For n = 5, Kim-Shahidi
used the converse theorem of Cogdell and Piatetski-Shapiro, going through suitable twists
by automorphic representations. For n > 5, we use Galois representations.

Fix C 2 Q, and let Gg := Gal(Q/Q). Deligne showed how to associate f to a represen-
tation I'y : Gg — G Lo(Q;) which is continuous and unramified outside I, such that if p # I
then trI';(Frob,) = a,. Then taking symmetric powers gives

Sym™ ' T : Gal(Q/Q) — GL,(Q)).

It turns out that L(Sym" 'T';,s) = L(f,Sym" ' s). So we want to find 7, such that
L(Sym™ ' Ty, s) = L(m,,s). If such m, can be found, we say that Sym” ' T'; is automorphic.

To find such a 7,, we use the idea going back to Wiles of proving an automorphy lifting
theorem. We assume that

Sym™ (T (mod 1)) = Sym"~(Ty)
is automorphic, i.e. there is a cuspidal automorphic representation 7/, such that
L(Sym" ', Ty, s) = L(n),s) (mod )

(this doesn’t make sense as stated, but what we mean is that they are congruent Euler factor
by Euler factor, thought of as formal power series in p~*). We prove that assuming this and
other conditions, Sym™ ' T’ ¢ is automorphic. Another important step is showing potential
automorphy: after some finite base change, Sym™'(T'; (mod [)) is automorphic. Potential
automorphy gives MC+FE but not HC.

1.3 Newton-Thorne strategy

Suppose ff = Indg?; X, where K/Q is imaginary quadratic. Then we have
B [n/2] ' '
Sym" ' Ty = P Indg? (¥'(x9)" )@~ if n is odd)
i=0



where € is the cyclotomic character. The summands are known to be automorphic, because
they come from Eisenstein series on GGL,, associated to a parabolic subgroup with 2x 2 blocks,
but possibly not from a cusp form. But Clozel observed that if you descend from GL, to
U(n), an Eisenstein series can descend to a cusp form that is “unstable” / “endoscopic” in the
Langlands-Arthur theory of the trace formula. So you can try to do automorphy lifting with
this. This is what Clozel-Thorne did, but automorphy lifting theorems frequently require
the residual representation to be irreducible, so you need to prove weak versions that work
when it is reducible, which is difficult, so they only did it in small cases.

Newton-Thorne’s strategy is as follows. Let ¢ : Ggu) — @ZX be unramified outside [ and
crystalline at [ with Hodge-Tate numbers (0, 4).

1. Prove that for n odd, there is a solvable CM extension F//Q (solvable extensions are
good because you can descend through them by base change) and a regular algebraic
cuspidal (RAC) automorphic representation =, of GL,(Ar) such that

(a) (m))¢ = (7)Y| det [|*" (we frequently abbreviate this plus RAC as PRAC, where

n
P is for “polarized”),
(b) m,, is Steinberg for some v (this is analogous to asking for an elliptic curve with
multiplicative reduction, or for something of exact level I'g(v)),

(¢) Ty = Sym™! <Indgg(i) E) (€30)("=D/2 where € is the cyclotomic character and
§: Gal(Q(i)/Q) = {£1}; recall that the latter splits as

(IndG@ @)) (€38)m=3/2¢71,

Gaw)

The above splitting makes it possible to do induction on n: by the inductive hypothesis
the second term is automorphic on GL,,_3 (coming from something locally Steinberg),
and the first term comes from a theta series on GLs. Using that U(2) x U(n — 2)
is endoscopic for U(n), we get an automorphic form on U(n), which might not be
Steinberg. Level-raising makes it Steinberg, but no longer endoscopic, hence “stable”.
Maintaining the Steinberg condition makes it possible to produce automorphy lifting
theorems for residually reducible representations.

—n—1 3¢\ (n—1)/2 ( n—3 Go
b >(e 5) ® (Sym"*Ind§?

2. Prove the same thing for all n = 2™n’ where n’ is odd, this time inducting on m.
This is similar: if n is even, and we we choose w : Gg) — @ZX with ww® = €735 (a
well-behaved character), we have

n—1 Go 7\ —n—1
(Sym Indgg (¢)> W
~ n/2— G A n/2— n n/2— G A n/2— c n
= <Sym /2 1Inng(i> w) S ()2 @ <Sym /2 1Indc;§(i) Yﬂ) S ()2,
Then the Eisenstein series for

T;L/Q ® (¢W)n/2 H W;L/2(1/)Cw)n/2

gives an unstable/endoscopic cusp form on U(n) (using that U(n/2) x U(n/2) is endo-
scopic for U(n)), and again we can raise the level to get the Steinberg condition. This
step is easier than the previous one.



3. There is ¢ = 3 (mod 4) and a PRAC 7 of GLy(A) such that

e 7¢ is unramified outside ¢ and 2 (it is level 4¢q)

e 7wl is Steinberg

e 11 = PS(x1, x2) where x; is unramified and x5, has conductor 4
e Sym" ! I', is automorphic for all n

o T, =Indg? 7.

This follows from the previous two steps and base change. After these steps, we can
prove the theorem for one modular form f (of level 4q).

4. There is m a PRAC automorphic representation of G Ly(A) unramified everywhere with
Sym” ! 7 automorphic for all n. (i.e. the same statement as before, but now f is level 1
for some weight; 77 had level 4¢.) This uses the eigencurve, which parametrizes p-adic
families of automorphic forms, as follows. You prove that if a symmetric power lifting
exists for one point on the eigencurve, it exists everywhere on the same irreducible
component. 79 gives a point on the g-adic eigencurve, and if you specialize elsewhere
on the same component, you get some 7’ that also has symmetric power lifts and is
only ramified at 2, so is level 4. Then 7’ gives a point on the 2-adic eigencurve, and
elsewhere on the same component you can find the desired unramified .

Now we have the theorem for one modular form of level 1.

5. Consider the 2-adic eigencurve of tame level 1. The geometry of this is very well-
studied. Recall that the eigencurve lives in the product of the weight space # and
G (the latter giving the Us-eigenvalue). Let x be the projection of the eigencurve to
weight space. If f is weight k and has nebentypus y at 2, we have x(f) = s*2x(s) — 1.
W is an open disc, and the boundary of # is where 8 1 x(f). In this region, the

eigencurve decomposes into pieces X; where

(a) X; is an annulus mapping isomorphically under x to an annulus in weight space,

(b) on X; we have |as|s = |,

(c) for each classical point on X; of weight k, there is a ‘twin’ point on X_1) /v, (x)—i-
So given x € X, we can get a new point at weight 2i + 2™ — 1 for m > 0; then take
its twin on Xym_1; then get a point over kK = (om+1 — 1 (weight 2, highly ramified);
then take its twin on X;. The point is that for p = 2 and tame level 1, the image of

the eigencurve in the universal Galois space is connected via these two operations. So
we can move existence of symmetric powers from one form to any other.

Remark 1. In subsequent work, Newton-Thorne removed the level-1 assumption from the
theorem.



1.4 Course plan

We will go through as many of the following topics as possible in order.
1. l-adic representations (no proofs).
2. Automorphic forms on GL,, and unitary groups (also no proofs).
3. Eigenvarieties and deformations of Galois representations.
4. Steps 4 and 5.
5. Steps 2 and 3.

6. Step 1.

2 January 14: [-adic representations.

2.1 Definitions

Let K be a perfect field (so all of its extensions are separable, e.g. a finite field or a
characteristic 0 field), Gx = Gal(K/K) = @K,/K anite Galos CA(K/K). G is a profinite
group. By an [-adic representation of Gx we mean

e an algebraic extension L/Q
e a finite dimensional vector space V/L

e a continuous representation r : G — GL(V) (meaning continuous with respect to the
l-adic topology on V' and the profinite topology on G).

Lemma 2.1.1. Suppose r : Gx — GL(V/L) is an l-adic representation. Then there is
L D Ly D Q such that Ly/Qy is finite, and an Oy, -lattice Ny C V (i.e. Ag is a finitely
generated Op,-module such that Ag ®o, L V) such that im(r) C GL(Ao/OL,).

This can be proven using elementary analysis, e.g. the Baire Category Theorem.
Let Ay C Oy, be a prime, so that F = Op, /A is a finite field. Then 7 : Gx —
GL(Ao/AoAo) may depend on choices (of \g), but 7°° is well-defined.

Example 2.1.2. The cyclotomic character ¢, : G — Z; C @ZX for char(K') # [, defined by

o(¢) = ¢lalo) (modi™)

for any ["th root of unity ¢ and any n.
Example 2.1.3. H!,(X#%, Q) if X/K is a variety and [ # char(K).
Example 2.1.4. (T;E)[1/l] if E/K is an elliptic curve with [ # char(K), where T)F =

lim E[I"(K).



2.2 Weil-Deligne representations

If K/Q, is finite with residue field k, and vg : K* — Z is the valuation normalized so that
la|x = (#k)7"5@) | we have
0—=Ig = Gg —Gp—0

where I is the inertia group, and an isomorphism (which we’ll also call vk because it’s
analogous)

vk Ge S Z=1mZ/N =[] 2
N !
Frobg — 1

where Froby is the geometric Frobenius, satisfying (Frobg a)#* = o for any a € K (the
inverse of the arithmetic Frobenius). Within the above SES we have

open

0 — Ix 5% Wi — Frob% — 0

where the Weil group Wy < G is continuous with dense image (but not a homeomorphism
onto its image) and we have vy : Frob%( = 7Z. Ik has a unique Sylow pro-p subgroup Pg
which is normal in g, called the wild inertia group. We have an isomorphism

l#p

such that t(o70™ ) = (#k)"<@t(7) for 7 € I, 0 € Wg. This induces a map t; : Irc/Px —
Z; which is defined up to Z;-multiples. Then we have a map

artg 1 K* 5 W
characterized by the following properties:
1. vk o art = vk (uniformizers go to lifts of Frob)
2. ifo € Gal(?/(@p), artyx 0 0 = conj, o artyx in W,k

3. If K;/K> is finite, we have commutative diagrams

. artg, b K arty, b

1 K1 1 WK1

« art Ko ab v art Ko ab

2 Ko 2 WKQ
and

where if G D H with H finite index in G then tr : G® — H% is defined by writing
G = [1 Hgi, and if g;g € Hg;(;) for each i, then tr(g) := Hi(giggj_(;)).



This is called the Artin map and the above statements about it are referred to as local
class field theory.

Let L be any field of characteristic 0. By a Weil-Deligne (WD) representation of Wiy
over L, we mean

e a finite dimensional vector space W/L

e arepresentation p : Wx — GL(W) with open kernel (so there’s no continuity assumption—
no dependence on the topology on K)

e an element N € End(W) such that p(o)Np(o)™! = (#k) 5N for all o € W (this
implies that N is nilpotent).

These things can be put into @, Ind, ®, etc.; note that the way to take tensor products is
(W1, p1, N1) @ (W, p2, No) = (W1 @ Wa, p1 @ pa, N1 @ 1+ 1® No).

We say that (W, p, N) is

1. Frobenius-semisimple (F-ss) if p is semisimple (meaning that p(o) semisimple for all
o € Wk; equivalently, p(o) is semisimple for one o € Wik \ Ix);

2. semisimple if it is Frobenius-semisimple and N = 0;

3. unitary (sometimes “bounded”) if L/Q is algebraic and for all o € Wi, all eigenvalues
of p(o) are l-adic units; equivalently, there exists 0 € Wi \ Ix such that all eigenvalues of
p(o) are [-adic units; equivalently, there is an Op-lattice A C W preserved by p and N.

Proposition 2.2.1. Suppose L/Q, is algebraic, | # p, ¢ € Wy is a lift of Frobg, and
ti - Ix/Px — Zy is chosen. Then there is a tensor equivalence of categories WD = W D4,
from

{l-adic representations of G over L} to

{unitary WD representations of Wy over L}, characterized by

WD(V.r) = (V,p, N)

where
r(¢™o) = p(¢™o) exp(ti(o)N)

for all o € Ix and m € Z.
Given another choice ¢',t], there is a natural isomorphism WD, — WDy

This proposition gives a way of understanding [-adic continuous representations that
doesn’t involve topology, which means you can compare across different [s.

Example 2.2.2. WD(¢) = (0 + (#k)™5) N = 0) = (Jart'|x, 0).
If (W, p,N)is a WD-rep, there is a unique u € Aut(WW) such that
1. w is unipotent

2. u commutes with im(p) and N



3. (W, pu="x N) is Frobenius-semisimple.

(W, pu=% N) is called the Frobenius semisimplification of (W, p, N), and we write it as
(W, p, N)E=55. We also write (W, p, N)** = (W, pu™"%,0).

Conjecture 2.2.3. Suppose X/K is a smooth proper variety and | # p. Then
1. WD(H!,(X%,Q,)) is F-ss (known to be true wheni =1 or X/K is an abelian variety).

2. There exists a WD rep WD'(X) over Q such that for alll # p and Q — Q,, we have
WD'(X) ®gQ = WD(H(Xg, Q)"

(known to be true if X/K is an abelian variety or if X/K has potentially good reduc-
tion).

Warning: we can’t in general define WD'(X) over Q, but for all 0 € Gal(Q/Q), we
have o(W D' (X)) 2 WD (X). (So e.g. the trace is defined over @, but it’s not true that a
representation of a group is defined over the field cut out by its traces.)

Suppose (W, p, N) is a Frobenius-semisimple WD representation and v/#k € L. Then

(W, p, N) = ED(W, p;, 0) @ Sp,,

where p; is irreducible and Sp,, is the WD rep which has underlying vector space L®™ with ba-
sis €1,...,em, N given by Ne; = e;41 for i < m and Ne,, = 0, and o(e;) = (#k)m/27Dvx(0)e,
for o € Wg. (Form > 1, Sp,, is indecomposable but not irreducible.) Furthermore {(p;, m;)}
is uniquely determined.

There is a bijection between

{isomorphism classes of Frobenius-semisimple WD representations over L} and

{finite-dimensional representations R of Wy x SLy over L such that for some open
subgroup U C Wk, R|yxsr, factors through an algebraic representation of SLs}

taking (W, p, N) to (W, R), where

o(0) = R (0, ((#k)avww (#k)(l <a)/2>>

N = (dR) (8 é)

(where dR is the derivative of R, a map from Lie(SLs) to End(W)). Warning: while this
bijection gives a classification of isomorphism classes of objects, it does not come from an
equivalence of categories, because WD reps have more morphisms.

We call a representation R of Wy x S Ly pure of weight w if for all o € Wi, all eigenvalues
a of R(o,1), and all 7: Q(a) — C, we have

()] = (Fh(a)) /D),

equivalently, there is some o € Wi \ Ik for which this is true. We call a WD rep (W, p, N)
pure of weight w if (W, p, N)F'=% corresponds to an R which is pure of weight w. (This is
not equivalent to p being naively pure of weight w; we want to think of Sp,, as being pure
of weight 0, even though its Frobenius eigenvalues are all sorts of things.)

and
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Conjecture 2.2.4. If X/K is smooth and proper with | # p, then W D(H'!,(X7,Q;)) is pure
of weight i (this is known by a famous theorem of Deligne to be true if X has potentially
good reduction or if X is an abelian variety).

23 Il=p

So far we have considered Gk acting on V/L where K/Q, is finite and L/Q; is algebraic,
and [ # p. What about [ = p? Then there is a topological K-algebra B, with a continuous
action of Gk and a Gg-invariant decreasing filtration Fil® which is exhaustive (the union of
the filtered pieces is all of Bqr) and separated (their intersection is 0), such that gr' Byg =

K(eY). We have BSX = K.

p
If (V,r) is a representation of Gg over L, (V ®q, Byr)“* is finitely generated over

L ®q, K =[] L;, where L;/L is finite. We have
dimLi((V ®Qp BdR)GK RLeoK LZ) < dim; V

and we call V' de Rham if we have equality for all i. Being de Rham is closed under subobjects,
quotients, duals, and tensor products, but not generally under extensions. If 7 : K — L
then HT, (V') is the multiset of integers which contains ¢ with multiplicity

dimz gr'(V ®q, Bar)“™ @rex1er L.

These are the 7-Hodge-Tate numbers of V. V is de Rham if and only if #H7T, (V) =dim V'
for all 7. (Note that there is another way of defining Hodge-Tate numbers if V' is not de
Rham which may have more numbers.) If o € G, then HT,,.(V) = HT, (V).

Example 2.3.1. HT,(¢,) = {—1}.

Theorem 2.3.2. If X/K is smooth and proper, then H',(X%, Q,) is de Rham and

HT:(Hy (X7, Q)

contains j with multiplicity dimy H™7 (X, QJX), where Qﬂ( s the sheaf of holomorphic j-
differentials on X. (Note that we don’t really need to put a T since this representation is
defined over Q,, but whatever.)

We would like an analogue of the WD rep classification for [ = p. This is possible for de
Rham representations, as follows. Let K/Q, be finite. Let K,/Q, be the maximal unramified
subextension (so K(/Q, is unramified and K/Kj is totally ramified). Suppose K'/K is a
Galois extension with maximal unramified subextension K.

Definition 2.3.3. A (¢, N, Gal(K'/K))-module over L is
e a finitely generated D over Kj®q, L with
e ©: D = D that is Frob, ! @1-semilinear (where Frob, = Frobg, ),

e N € End(D) with ¢ N = pN¢p, and

11



e a semilinear action p of Gal(K’/K) that commutes with N and ¢ (where by semilinear
we mean p(o)((a ® B)z) = (ca) @ B(p(o)(x)), so semilinear with respect to K’ but
linear with respect to L).

By a filtration Fil* on (D, ¢, N, p) we mean a (decreasing, exhaustive and separated) fil-
tration of D®g; K' by K'®gq, L-submodules which are invariant for the diagonal Gal(K'/K)-
action, meaning the action o(z ® o) = p(0)(z) ® (o).

If we have K"/K'/K, a (filtered) (¢, N, Gal(K'/K))-module gives rise to a (filtered)
(¢, N, Gal(K"/K))-module via D +— D ®g; K. (Figure out for yourself what the struc-
ture is—it’s clear.) Any (filtered) (p, N,Gal(K'/K))-module arises in this way from a
(p, N, Gal(K"/K))-module for some K’ D K" D K where K" /K is finite.

If (D,p,N,p)isa (¢, N,Gal(K'/K))-module, then D has an action of Wy /I via o —
©"% () which is K})® L-linear (not semilinear). Knowing this action is equivalent to knowing
the Gal(K’/K)-action.

There is another way of thinking about these things which is done less often but which
Richard thinks is more natural. If 7 : K{) < L, we can define

WD, (D,¢,N,p) =D @reryier L
which is an L-vector space with an action of Wy /I and N, i.e. a WD rep of Wx. We have
©e®1:WD.(D,p,N,p) = W D oron, (D, ¢, N, p).
What about the filtration? If 7 : K" < L, and u € Wg,, we have a map

(FIVD @ K') ®rekrigm L — D ® w L

LK}, 1®T Frob,?

and we know that
~,<p“P(“)®1
%

WDT<D> D ® Up(#) L

LRK},1Q7 Froby,

so we obtain a filtration
(FiVD ®x; K') @rexraem L — Fill ,WD.(D) C WD.(D).

By a filtered WD-rep (W, p, N, Fil{b) of Wk, we mean a WD rep (W, p, N) plus a (decreasing,
exhaustive, separated) filtration Filﬂ of W for each y € Wy, (which doesn’t have to commute
with the p, N actions) such that

Fill . = p(o)Fil}

for all o € Wx. (So we're specifying a filtration for each coset of Wy in Wg,, but without a
canonical coset representative.) If 7: K’ < L, then

WD, (D,¢, N, p,Fil’)

is a filtered WD rep of Wi
Next time, we’ll continue with Galois representations. We’ll talk about the relationship
between filtered WD reps and de Rham reps, and then the global picture.
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3 January 19: p-adic Galois representations.

Recall that we have a finite extension K/Q, and we are interested in representations Gx —
GL(V) where V is over L where L/Q is algebraic. We were discussing the case [ = p, and
the subset of de Rham representations.

For K'/K algebraic Galois, we defined filtered (¢, N, Gal(K’/K))-modules over L. We
let Kj C K’ be the maximal unramified subextension of Q,; then the data is

e a module D over Kj ®q, L,

e a Frob, ' ®1-semi-linear endomorphism ¢ : D = D,
e an N € End(D) such that o N = pNo,

e a semi-linear action of Gal(K'/K), and

e a decreasing filtration Fil' on Dy = D ®g; K' by L ® K'-submodules which are
invariant under Gal(K'/K).

We also defined filtered WD reps of Wi, over L: the data is

e a WD rep (W, p,N) of Wy (where W is a L-vector space, p : Wx — GL(W), and N
in End(W) is such that p(o)N = (#k)~*“)Np(c)), and

° Fﬂi (for each € Wy,) is a decreasing, exhaustive, separated filtration such that
Fill,, = p(o) ' Fil), for cach 0 € Wk.

If L is sufficiently large, i.e. L contains the image of each embedding K’ < L (over Q,),
then there is an equivalence of categories WD, (for any given 7 : K’ < L) between

{filtered (¢, N, Gal(K’/K)-modules over L} and

{filtered WD reps (p, N, Fil},) over L such that p|;,, = 1}.

(If L = @, then we can take K" = K.) WD, is tensoring by ® 1 10+ L; it is independent
of 7 up to equivalence.

Fontaine preferred the former category because if L is a small field, e.g. Q;, for example
if you're interested in the l-adic cohomology of a variety with coefficients in Q; it is more
natural. But if you are willing to let the coefficients get big, the objects in the latter category
are more concrete.

3.1 Admissibility

Definition 3.1.1. A filtered WD rep (W, p, N, Fil}) is admissible if for all sub-WD-reps
W' C W (invariant by ¢ and N), we have

tr (W) = exsg, Y J dimgrl W' < ty(w') == vy(det p() )
J

where v,(p) = 1 and ¢ +— Frobg, with equality if W' = W.
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Similarly, a filtered (¢, N, Gal(K’/K))-module (D, p, N, p,Fil®) is admissible if for all
(i, N, p)-invariant submodules D" C D,

with equality if D' = D. The two definitions of admissibility coincide under WD, .

So we’re comparing the valuations of the eigenvalues of Frobenius with where the eigen-
vectors are situated with respect to the given filtration. The definition may look complicated
but it’s very concrete in any given case. It provides us a linear algebra interpretation of de
Rham representations, as follows.

Theorem 3.1.2. There is an equivalence of categories V +— D(V'), V(D) <= D between

{de Rham representations of Gk /L} and

{admissible filtered (p, N, G )-modules D/L}.

If L = Q,, these are also equivalent to

{admissible filtered WD-reps of Wy over L}

(for smaller L you can get a similar correspondence but you need to impose more condi-
tions, like that some inertia group acts trivially, and/or that the object becomes semistable
over a finite extension).

We will call the map from the first to the third thing W D...

So, like when [ # p, we are trying to describe representations in a way that doesn’t
involve topology, but now it is harder—we can only do de Rham representations and we
have to keep track of a filtration. (Note that this theorem includes the assertion that de
Rham implies potentially semi-stable, which is hard.)

If o € Wy, and 7 : K = L, the weights HT,,(V') contain ¢ with multiplicities

dimy, gr’ WD, (V).
(These are captured just by the WD reps, but the positions of the filtrations are continuous
invariants which are not.)
Conjecture 3.1.3. Let X/K be smooth and proper.
1. WD(H!,(X%,Q,)) is F-ss (known if X is an abelian variety and for H' in general).
2. WD'(X) @5 Q, = WD(H (X%, Q,))"** for any Q — Q, (known if X is an abelian
variety or if X has good reduction).
Proposition 3.1.4. x : Gx — L* is de Rham if and only if there is an open subgroup
UcCK* andm,; €7Z for all 7 : K — L such that
X o arty |U = H T M,
KL
In this case, we have HT,(x) = {m,} and
WD(x)oartg = (x o artg) H T
KL
Example 3.1.5. WD(e,) oartg = |- |k
Time for global fields!
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3.2 Global case
Now let F'/Q be a finite extension.
Conjecture 3.2.1 (Fontaine-Mazur). An irreducible l-adic representation
r:Gp — GL,(Q)
is a subquotient of H! (X7, Q) ® 6{ for some X/F smooth projective and some i € Z>,
Jj € Z if and only if
1. r is unramified almost everywhere (a.e.), meaning at all but finitely many primes, and

2. rlap, for v|l is de Rham. (This is why we care about the de Rham condition—it is
supposed to characterize Galois representations that arise from geometry.)

(We will call v satisfying the above two conditions “algebraic”.)

We have the map
artp : A% — G
(where A} =[], FX) which is characterized as follows: it restricts to
artp, : £ — G

where F)* < A} is the natural embedding and G¥ < G% comes from the decomposition
group, and at infinite places artc has to be trivial while

artg : R* — Gal(C/R)
1 >0
T —
{c c<0.
Theorem 3.2.2 (Main theorem of class field theory). artp : A% /F*(FX)° = G%L.

Corollary 3.2.3. x : Gp —>@ZX is algebraic if and only if there is an open subgroup U C A,
and m, € Z for all 7 : F — Qy such that

Xoartg |y x> H(Txl)_mf.

T

(The first condition isn’t relevant because such a x must be unramified almost everywhere.
Note that for 7 : F — Q there is a unique continuous extension of T to F; — Q,, where

F’l = Hv‘l FU)
In this case we have HT,(x) = {m.}.

Corollary 3.2.4. There is a bijection from
{algebraic characters x : Gp — Q, } to
{x0 : Ay — @lx with open kernel such that there is m, € Z for all T : F — Q, with
Xolrx =[] 77" }.
We have
Xo(x) = x(x) [ [ r(x)™
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Such a yo will automatically factor through @X C @ZX (because we know that the image
of F”* under Yy, is algebraic, since yq is just a product of embeddings of F'* into the field
to some power, and A% /F* ker xq is finite, so any image of A} is a root of an algebraic
number). (This is all sort of an attempt to define a global Weil group, but it doesn’t work
as well outside the abelian case.)

Corollary 3.2.5. Fizi:Q, = C. Then there is a bijection from
{algebraic characters x : Gp — Q, } to
{algebraic grossencharacters, i.e. continuous characters

X AR/F* = C

such that
>2|(Fo>é)° LT H(TLU)_WT

for some m, € Z, for all 7 : F — C}.
This bijection takes an algebraic character x to xo, then to

K(x) = xolw) [ J(r2e0) ™™,

where m, for x corresponds to HT;o,(x). We will denote it x — m;(x) and r;(X) < X.

This is the model for global Langlands: y is an automorphic representation for GL; and
X is a 1-dimensional [-adic representation. The proof is direct once you know class field
theory, because you have the algebraic yg which is like a representation of the Weil group.

Example 3.2.6. For ¢;, we have
goartp : x — (Npjgr)||z™| sign(rs)

where for x € Ay, we have z; € F/, 2 € (AY)*, and zo, € FJ; and we write ||z| = [, [zv]o
(remember all but finitely many terms in the product are 1) and sign : R* — {41} (if there
are several infinite places take the product; at complex places use the identity map). To
check this, check it on uniformizers at all places—it’s an easy computation.

Then since by definition Nr/qg(z1) = [],.p.,g, 7(21), and this is the factor we want to
get rid of to construct the corresponding algebraic ¢ : Ax — Q*, we see that ¢y is z —
|2 sign(z) (it’s easy to check that this is valued in Q*).

Now to find the grossencharacter €, we want it to be trivial on F*, and we have €y|px =
N}:/l@, so removing that gives that € : A;/F* — C* is © — ||z||. So the absolute value
function adele class character correponds to the cyclotomic character.

3.3 CM fields

Definition 3.3.1. We call F' CM if there is ¢ € Aut(F') such that for all 7 : FF — C,
Toc=corT. (cis unique if it exists.)

Let F* = F=!. We have [F': Ff]=1or 2. If [[': F*] =1, we call F totally real; then
¢ = 1 and the definition is equivalent to saying that 7F C R for all 7: F' — C.
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CM fields are closed under subfields and compositums. So if F'/Q is any finite extension,
there is Fy C F' such that Fj is CM and if F; C F' is any other CM subfield, then F; C Fj.
We call Fjy the maximal CM subfield.

Fact: if x : Gp — Q" is algebraic and HT,(x) = {m.}, and if Fy C F is the maximal
CM subfield, then

1. m, only depends on 7|,
2. there is w € Z (the weight) such that

(a) if 71|, = T2|R, o ¢, then m;, +m,, = w, and

(b) for all v, WD(x|ay,) is pure of weight w.

This follows from Dirichlet’s unit theorem.

3.4 Starting automorphic forms

First the local theory. Let K/Q, be finite and GG/K be a (connected) reductive group (e.g.
GL,, or a symplectic group; Richard will always mean connected when he says reductive).

Definition 3.4.1. By a smooth representation 7 of G(K') over C, we mean a C-vector space
V' (often co-dimensional) and a representation 7 : G(K) — GL(V') such that for all z € V,
Staba(i)(x) is open in G(K).

We call m admissible if for all open subgroups U C G(K), VY is finite-dimensional.

Theorem 3.4.2 (Bernstein). Smooth and irreducible implies admissible.

We have Schur’s lemma: if 7 is irreducible there is a x, : Z(G)(K) — C* with open
kernel (where Z(G) is the center of G) such that 7|z k) = Xx-

Definition 3.4.3. The smooth dual (or “contragredient”) of m has underlying vector space
7/ ={f:V — C linear : Stabg()(f) is open}

with the action of G(K) given by ©V(g)(f) = fom(¢g!). If m is admissible the natural
map 7 — 7" is an isomorphism, and 7 — 7" is exact. (In general things are less well-
behaved, just as duality for infinite-dimensional vector spaces is less well-behaved than for
finite-dimensional ones.)

If fe VY and z €V, we have a map G(K) — C given by g — f(m(g)z). This is called
a matrix coefficient (since in the finite-dimensional case it would appear as an entry in a
matrix representation of 7 in a given basis).
If 7 is irreducible, so that it has a central character x,, there is x : G(K) — RZ, smooth
such that
Xlz@) = Xl

We normalize our matrix coeflicients to

_ = g))| x
¢ra(9) = NOR G(K)/Z(G)(K) = RZ,.

We call 7
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e cuspidal (sometimes “supercuspidal”) if ¢s,(g) has compact support for all f, z;
e discrete series (sometimes “square integrable”) if ¢y, is square integrable;

e tempered if

/ Cra(9)* e dp < 0o
G(K)/2(G)(K)

for all e > 0, f € VY, and © € V, where u is the Haar measure on G(K) or
G(K)/Z(G)(K), a bi-invariant measure that is unique up to RZ,-multiples.

If P C G is a parabolic subgroup with unipotent radical Np, then the Levi subgroup
Lp = P/Np is reductive. For h € P(k), let

op(h) = |det(ad(h)|Lievp))|x-

If (m, V) is a smooth representation of Lp(K), let

n— Indgég (m,V) = {¢: G(K) = V locally constant |¢(hg) = dp(h)?7(h)¢(g)
forall h € P(K),g € G(K)}

where h € Lp(K) is the image of h € P(K). This is a smooth representation of G(K), and

if m is admissible then n — Indggg

reduce the classification of admissible representations of G(K) to cuspidal representations of
Lp(K) for various P.

;7r is admissible. Using this induction operator, we can

4 January 21: some local Langlands.

Recall that we had a finite field K/Q, and a reductive group G/K, and we were looking at
(smooth, admissible) representations (m, V') of G(K'). We defined (normalized) matrix coef-

ficients, and cuspidal /discrete series/tempered representations. Given a parabolic subgroup
P C G, we defined n — Indggg 7, where 7 is a representation of Lp(K'), where Lp = P/Np.
Fact: any irreducible smooth representation of G(K) is a subquotient of n — Indggg 7’

where 7’ is a cuspidal irreducible representation of Lp(K).

4.1 Hecke algebras

Let C*(G(K)) = {¢ : G(K) — C | ¢ locally constant and compactly supported}. (Local
constancy corresponds to the usual notion of smoothness when we're going from a nonar-
chimedean field to an archimedean field.) Let 77 (G(K)) = {complex measures ¢u on G(K)
where ¢ € C®(G(K)) and p is a Haar measure on G(K)}. This is the Hecke algebra.
(Richard thinks it is more natural to think of it as a space of measures rather than func-
tions.) It has a convolution product

1L * ot = (9 — / Sol(h)QOQ(h_lg)dﬂh) 0
G(K)
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(where by duj, we mean we are integrating with respect to h). It is an associative algebra
without identity. If (7, V') is a smooth representation of G(K), 2 (G(K)) acts on V via

r(ou)z = /G P,

for pu € A and x € V (this integral is actually a finite sum). If 7 is admissible then
im(7(pu)) is finite dimensional, because ¢ is U-bi-invariant for some open compact subgroup
U, we have im(m(pu)) C VY. So tr(m(¢p)) makes sense by restricting to im(w(pp)), and we
get a map

trm: H(G(K)) — C
(sometimes called a “generalized function”, being a linear form on measures). Facts:

1. If mq,...,m are irreducible and pairwise non-isomorphic, then trzy, ..., trm, are lin-
early independent.

2. We have an open dense subgroup G(K)™ = {g € G(K) | Zg(g) is a torus} C G(K).
There is a 0, : G(K)™9 — C that is locally constant and locally L' on G(K) (but not
locally constant or even defined on G(K)—we are just asking that any point of G(K)
have a neighborhood [in which the complement of G(K)™ is closed nowhere dense]
on which 6 is integrable [but the integral may blow up as you approach the irregular
locus|) such that

trw(pp) = /G e 0(9)(9)dpy

for all pu € 2.

Note that if for U C G(K) we write 52 (G(K) J/ U) for the elements of G(K) bi-invariant
by U, then
H = U H(G(K) JU).
U open compact subgroup

Unlike 57, each subalgebra .7’ (G(K) J/U) has an identity element, the characteristic function
of U multiplied by the Haar measure which gives U volume 1.

Proposition 4.1.1. 1. There is a reductive group scheme 4 /O with generic fiber G if
and only if G has a Borel subgroup B defined over K (it is “quasi-split”) and Lp splits
(becomes isomorphic to a product of G,,s) over an unramified extension of K; we will
call such G unramified.

2. In this case 9(Ok) is a mazimal compact subgroup of G(K). It is called a hyperspecial
subgroup.

If B is a Borel subgroup well positioned with respect to ¢ (meaning that the group
¢ (Ok) defines a point of the apartment associated to Lg in the building associated to G),
we have an isomorphism

Sat : H(G(K) || 49(0Ok)) = A (T(K)] T (Ok))VE
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where T' = Lp, 7 is a torus over O with generic fiber T, and Wy is the Weyl group, by
which we mean Wy = Ng(T)(K)/T(K) (if you took the quotient before taking K-points
you would get something bigger which is not what we want). (Sat is for Satake.) We also
have an isomorphism

CX.(T)] B & 52(T(K) ) T (Ok))
A = Ly @i)h

for A € X.(T'), where (wg) is a maximal ideal in Ok with uniformizer wg, and p is a Haar
measure such that (.7 (Ok)) = 1. We have a formula

%WWZGH%@WA @WW%OM

B(K)

where (¥ (0k)) = 1, ur(7(0k)) = 1, and pun(9(Ok) N N(K)) = 1. From Sat, we see
that #(G(K) ) 9(Ok)) is commutative.

We call an irreducible smooth representation 7 of G(K') unramified with respect to ¢ if
77(©K) = (0). This depends on the choice of ¢! (For GL, there is a unique choice of ¢4 up
to conjugacy, hence a unique meaning of “unramified”, but this is not true in general.) In
this case (by commutativity of J#(G(K) ) 9(Ok))) dim 7¥(©x) = 1, and we get a character

Ae: H(G(K) | 4(Ok)) — C
such that T acts on 77(©%) by A\ (T). Then
AroSat™ € Hom(X,(T),C*)/Wx = (X*(T) ®zC*)/Wx = Hom(T(K)/ T (Ok),C*) /Wk.
Facts:
1. If 7, 7" are unramified WRT ¢ and A\, = A\, then © & «’.

2. If x € Hom(T'(K)/7 (Ok),C*), then n — Indggg x has a unique unramified (WRT
¢) irreducible subquotient 7", and

)\ﬂ—;w @) Sat_l - [X]

in Hom(T'(K)/ .7 (Ok),C*)/Wk. Any unramified representation of G(K) arises in this
way (because it is determined by its associated A and we can get any A this way), and
T, = Ty for any w € Wi,

4.2 Local Langlands for GL,

For GL,, we can classify irreducible smooth representations in terms of Galois theoretic
data.

Theorem 4.2.1. There is a bijection rec between
{irreducible smooth representations of GL,(K)} and
{n-dimensional F-ss WD reps of Wk} such that
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8.

. Ifn =1, rec(r) oarty = .

. 1s unramified (for any 9, all hyperspecials being conjugate in GL,) if and only if

rec(m) is unramified, and
rec()(Frobg) = diag(aq, ..., a,)

where a; = A\, o Sat~'(diag(1,...,1,@g,1,...,1)) (where the wg is in the ith spot).
(And N =0.)

e rec(m) is irreducible if and only if w is cuspidal

e rec(m) is indecomposable if and only if w is discrete series

o 7 is tempered if and only if rec(m) interpreted as a representation of Wy X SLs
satisfies the following: there is w € Z such that for all 0 € Wk and all eigenvalues
a of R(o,1), we have |a| = (#k)""5?). (Note that this is sort of like the definition
of purity, although it is only about a given embedding into the complexr numbers
rather than all embeddings.)

If P C GL, is a parabolic subgroup with Levi GL,, X ---GL,, and m; s an trreducible
smooth representation of GL,,(K) for all i, and if ™ is an irreducible subquotient of

GLn(K
n— IndP(Kg (M®-®m),
then (forgetting N, which you could also say something about but we won't)
rec(m)*® = rec(m)* @ - -+ @ rec(m, ).

rec(m)Y

= rec(m").
rec(m ® x o det) = rec(m) & rec(x).

If o : K' = K is an isomorphism over Q,, then recg:(m o o) = recg () o conjs, where
~ -/ ~ ==
0: K — K extends o.

Various other properties we don’t need right now.

Here are some constructions that you can do with rec. If their properties aren’t clear to
you, you should check them yourself—they generally follow pretty directly from the above
properties of rec.

Definition 4.2.2. If 7; is an irreducible smooth representation of G L, (K), then m By is
the irreducible smooth representation of G Ly, 4, (K) defined by

It is an irreducible subquotient of n —Ind

rec(m B ) = rec(my) @ rec(my).

JGDEQ (m ®my), where P C GL,(K) (for n = ny+ns)

has Levi GL,, X GLy,.
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Definition 4.2.3. Let K’/K be finite and 7 an irreducible smooth rep of GL,(K). Then
we define BCE'(7) to be the irreducible smooth representation of G L, (K') with

recg (BCE (7)) = reck (m)|w,. -
Note that if 0 € Gal(K'/K) (assuming K'/K is Galois), we have
BCE (1) o0 = BCK'(n).

B C’{g takes tempered representations to tempered representations. Furthermore if K'/K is
cyclic, with Gal(K'/K) = (o), then

1. An irreducible representation IT of GL,(K’) is in the image of BCE" if and only if
Moo =11

2. If m, 7" are discrete series representations of G L, (K) with BCE () = BCE'(r'), then
' =71 ® (o artg odet)
where y : Gal(K'/K) — C*.

Definition 4.2.4. Again let K'/K be finite and II an irreducible smooth representation of
GL,(K'). Then we define AT TI to be the irreducible smooth representation of G Lyx.xc(K)
satisfying

recg (AIE'TI) = Ind%; rec g (IT).

This also takes tempered to tempered, and we have
(ATE'TD) @ (x o artg o det) = ATE'(IT)

if K'/K is Galois and x : Gal(K'/K) — C*. If furthermore Gal(K'/K) is cyclic and
Gal(K'/K)Y = (x), then

1. An irreducible smooth representation 7 of G Ly (K) is in the image of ATE' if and
only if
T =7 ® (xoartg odet).

2. If T and II' are discrete series and AIE'TI = AIX'TI', then II' & I o ¢ for some
o€ Gal(K'/K).

Definition 4.2.5. Suppose 7 is an irreducible cuspidal representation of GL,,(K). Then we
define a discrete series representation Sp,, () of G Ly, (K) by

rec(Sp,, (7)) = rec(m) ® Sp,y, -
If n =1 and 7 is unramified, Sp,,(7) is often called a Steinberg representation.

Any irreducible smooth representation 7w of GL,,(K) can be written in the form
7 = Sp,,, (m) B ---BSp,, (7,)

where 7; is an irreducible cuspidal representation of GL,, (K) and n = ), m;n,;. The multiset
{(m;, m;)} is uniquely determined by 7.
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4.3 Archimedean fields

Let K =R or C. Let G/K be a reductive group, gy = Lie G(K), g = go ®r C, U = (g) the
universal enveloping algebra of g (universal for maps from g to it which send Lie brackets
to commutators), and 3 = 3(g) the center of 4. Let Uy, C G(K) be the maximal compact
subgroup, which is unique up to conjugation.

Definition 4.3.1. By a (g, Us)-module, we mean a vector space V/C together with
1. 7:g — End(V) which is C-linear and sends Lie brackets to commutators, and
2. m: Uy — GL(V) arepresentation which is locally finite and continuous, meaning that

if x € V then the U,-translates of x span a finite-dimensional C-vector space W, and
7 : Uy — GL(W) is continuous (therefore smooth), satisfying

3. (a) if k € Uy and = € g then m(k)n(z)7 (k') = m(ad(k)(z)), and
(b) if X € Lie(Us) then (X)z = L7(e™)(z)]1—o.

The second condition means that we can decompose V = @ p V(p), where p runs over
irreducible continuous finite dimensional representations of U,, and

V(p) = im(Homy_ (p,V)®p = V).

The V(p) are called isotypic components.
V receives an action of 4(g) also denoted .

Definition 4.3.2. We call V' admissible if dim V(p) < oo for all p. We call V' 3-finite if for
all v € V', the 3-translates of V' lie in a finite-dimensional space.

Facts: if V' is irreducible then it is admissible. Also then there is a unique continuous
Xr : Z(G)(K) — C* such that

L. Xrxlz@)(x)v. = T|2(6¢) ()0, and

2. dXrx = T|Lic 2(G)(K)-

This is called the central character of .

In addition, the center of $(g) acts on m and commutes with the actions of Uy, and g, so
by Schur’s lemma we get a character &, : 3 — C such that 7(X) = &,(X) if v € 3. We need
to recall Harish-Chandra’s description of 3. Let

Gec = (resg G) xg C.
Let B=TN C G¢. Then we have
Yae : 3 = Sym(Lie T)W(©

such that if V), is the irreducible algebraic representation of G¢ with highest weight A € X*(T')
(dominant WRT B), and p = £(the sum of the roots WRT B), so that

1
dip+ ) = 5d(2,0+ 2)\) : LieT — C
extends to Sym(LieT') — C, then
§v, = d(A + p) o yHC-
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5 January 26: global automorphic representations and
forms.

5.1 More archimedean representations

Let K = R or C, and let G/K be a reductive group. We were looking at (g, Us)-modules
where g = (Lie G(K))®rC and U,, C G(K) is maximal compact. If such a (g, Uy )-module 7
is irreducible, we defined the central character x, : K* — C* and the infinitesimal character
&0 3 — C. We also characterized

Yo 3 = Sym(Lie T)V(©
by requiring that &y, = d(p 4+ A) o yge. From this, we see that
(X*(T) ®z C)/W(C) = Hom¢(Lie T',C) /W (C) = Hom(3, C).

(The first equality is A ® z +— zd\.)
For example, Hom(3(gl,), C) corresponds to multisets of n complex numbers {sq,. .., s,}
via

diag(Th,...,T) = > 5T,

Then if 7 is an irreducible (gl,,, O(n))-module, &, gives rise to the invariant multiset HC'(7) =
{s1,...,8,} where each s; € C. Similarly, if 7 is an irreducible (resf gl,,, U(n))-module, since
resg gl, is just two copies of gl,, corresponding to the two linear embeddings of C into itself,
&r gives rise to the pair of invariant multisets HCy (7) = {s1,..., s}, HC(7) ={t1,...,tn},
where each s;,t; € C.

Theorem 5.1.1. There is a bijection recg taking
{irreducible (gl,, O(n))-modules} to
{n-dimensional continuous semisimple representations of Wg},
and similarly a bijection recc taking
{irreducible (ves§ gl,,, U(n))-modules} to
{n-dimensional continuous semisimple representations of W¢}
where We = C* and

Wg=(C*,j|j>=-1€C* jzj ' =% for all z € C*).
Note that we have an isomorphism

Wg’ = R
Z V> 2z

J——1
A representation of C* like recg(m)|cx must be of the form

recg (7)|cx @ 2 — diag(2®2™, 25222, .. .)
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where s;,t; € C. The expression 2%7z% doesn’t make sense in general, but if s; — t; € Z, we
can define
S;—t;
Sitt; i
2]

Also the image of recg(m)|cx has to be invariant under j, so in fact we must have

257l = |z

HC(m) =A{s1,...,sn} ={t1,..., tn}.

Similarly

Sn—=tn

rece(m) 1 z — diag(2™z", ..., 2°"z"™)
where s;,t; € C and s; — t; € Z, with no additional constraints. Now
HCy(m) = {s1,---,Sn}, HC.(m) ={t1,...,tn}.
As before, we can define 8, BCE, AIT, etc. We have
e 7 is discrete series if and only if rec(n) is irreducible.
e 7 is tempered if and only if

— K = C and R(s; +t;) is independent of i, or
— K =R and

recg(m) = <@ |2|" sign5j> D (@( .. ))

where 0; is O or 1, (---) is

z — diag({z%7%}, {292%})

i ((aey o)

where s; —t; € Z (if it were 0 we would get a split into smaller blocks), and we
have

R(ry) = - =Rrm) =R(s1 +41) = -+ = Rsp + o)

5.2 Global automorphic representations

Let F' be a number field and G/F a reductive group with integral model ¥ /Op, where ¢ is
reductive over Op[1/N] for some N. Let U C G(AY) be an open compact subgroup. This
means that there is a finite set S of finite places of F'; which contains all v|N, such that

U=]]9(0r.) x Us

véS
v{oo

where ¢4 (Op,,) is hyperspecial maximal compact and Ug C [[,.q G(F,) is an open compact
subgroup. Fix a maximal compact subgroup U, C G(Fy).
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Definition 5.2.1. By a smooth representation of G(Ar) we mean a vector space V/C and
maps

m:GAY) x Uyp — GL(V)
7 (LieG(Fx))c — End(V)

such that
e if v € V then Stabg(ss) x is open in G(AF).
e 7|y, is locally finite and continuous.

e if v € LieU,, then p
E(W(GtX)l‘)h:m

and if g € G(AY) x Uy and z € (Lie G(F))c then

(g)m(z)m(g™") = m(ad(gs)(2))-

m(X)x =

Definition 5.2.2. We call (V,7) admissible if for all open subgroups U C G(A%¥) and
irreducible representations p of U, we have dime VY (p) < oo.

(Alternatively, you can let p be an irreducible finite dimensional representation of U x Uy,
and then ask that V = @ V(p) where each V() is finite-dimensional.)

Remark 2. Richard is not sure whether irreducible and smooth implies admissible in this
setting, though it’s not very important.

If (V,7) is irreducible and admissible, we have 7 = . 7, where 7, is an irreducible
smooth representation of G(F,) with 7, unramified (with respect to ¢(Op,)) for all but
finitely many v. By ®; we mean the restricted tensor product with respect to T (OF’“),
which is 1-dimensional for almost all v. The set {m,} is uniquely determined by 7. Any {m,}
satisfying the above conditions can arise.

If G = GL,, we can define B, BCE, AIE, etc. locally using this decomposition. For

example

!/

Tl = ®(7rv Br),

BCF () = Q) BCr (my),

AIE () = Q) (Bup AIL" (7)) -

v

If 7: F < C, let v(7)|oc be the associated place, so that 7 factors as F' <= F,,) — C (we
will call the second map 7 also). Then we may define HC,(w) = HC,(m,)) C C for an
admissible irreducible representation 7 of GL,(Ar). We call 7 algebraic if HC,(7) C Z for
all 7, and regular if HC,(7) has n distinct elements for all 7.
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5.3 Automorphic forms

Definition 5.3.1. The space of automorphic forms for a reductive group GG over a number
field F'is &7 (G(F)\G(AF)), the space of functions f : G(F)\G(Ar) — C such that

1. there is an open subgroup U C G(A%¥) such that f(gu) = f(g) for all uw € U and
g € G(Ar).

2. for all g™ € G(AY), the map G(F) — C taking goo — f(9™°¢o0) is smooth.

3. fis Uy- and 3- finite. The first statement means that

{9 = f(guse) | o € U}

spans a finite dimensional space. The second means that since for X € Lie G(F,,) we
have

(XD)(0) = 579 o,

we get a corresponding action of HU((Lie G(F))c) on &7, and {X f : X € 3} spans a
finite dimensional vector space.

4. f has uniformly moderate growth. This means that if we choose a faithful representa-
tion p: G — GL,, and for g € G(Ap) define

gl = [ [ max{lo(g)islo. lo(g)islo}

Then there is m such that for all x € $((Lie G(F))c), there is C'x such that
[(XF)(9)] < Cxllgll™

Note that this definition depends on the choice of U,,.

A (G(F)\G(Ap)) is a G(Ap)- module: for g € G(AY) x Uy, we let (gf)(h) = f(hg), and
for X € Lie G(Fx)c we let (X f)(h) = & f(he'™)|,—o. (Note that if goo ¢ U, h > f(hg) is
not invariant under Uy, but a conjugate, so we can’t use that definition.)

If fe o (G(F)\G(AF)), there is an ideal J of 3 such that Jf = (0) and dim¢ 3/J < oc.
For a given J with dim¢ 3/J < oo, & (G(F)\G(AFr))[J] is admissible as a G(Ap)-module.

The cusp forms o (G(F)\G(Ar)) C &/ (G(F)\G(Ar)) are the ones such that for all
parabolic P C GG, we have

/ f(ng)dn = 0.
Np(F)\Np(Ar)
If x : Z(G)(Ap)/Z(G)(F) — C* is a continuous character, < (G(F)\G(Ar),x) is the
subspace where Z(G)(Ar) acts by x. We have

Ao(G(F)\G(Ar)) EB% F)\G(AF), x) ® Sym (X*(G)gal(f/F)>
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where in the second term we interpret y € X *(G)Gal(F/ ) as multiplication by the element
log ||x(g9)|| € A (where for x € A}, we define ||z|| =[], |zv|v). Then we have

o (G(F\G(Ar), X EBm

where each m; is irreducible. By a cuspidal automorphic representation of G we mean
an irreducible constituent of some 2% (G(F)\G(AF), x), i.e. an irreducible subquotient of

A (G(F)\G(AFr)) (since the ® Sym (X*(G)Gal(p/p ) doesn’t introduce new irreducible sub-

quotients, just extensions of existing ones by themselves).

We will be interested in algebraic cuspidal automorphic representations, and in fact will
concentrate on polarized regular algebraic cuspidal (PRAC) automorphic representations of
GL,(Ar), where by polarized we mean that F' is a CM field and woc = V|| det ||'=". (This
is because these are the representations we're good at handling, not because more general
ones wouldn’t be interesting.)

Theorem 5.3.2. Suppose F' is a CM field and m a PRAC automorphic representation of
GL,(Ap). Leti: Q, = C. Then there is a unique algebraic semisimple [-adic representation

r(m) =r,(7) : Gp — GL(Q)
such, that
1. for allv{ oo, i(WD(r(r|ay,))) = rec(m,).
2. for each 7 : F — Q,, HT,(r(7)) = —HCjor(7so).
3. r(m)¢ = r(r) o conj, (where ¢ € Gal(F/F*)\ Gal(F/F)) satisfies
r(m)® = r(m)’eg "

In fact, given a place v|oo of F and the corresponding c, € Gal(F/F*), there is a
nondegenerate symmetric bilinear pairing

<'7'>v:@7x@7_>@l

such that
<T‘(7T)(O')ZL‘, T(?T)(CUO'CJI)y> - Ell n( )<ZL’, y>v
for all x,y € @? and o € Gp.

The following are equivalent conditions to Item 3 above.

e if F = F* and n is even, (7) factors through GSp,(Q,) € GL,(Q,) and has multiplier
character ¢, ™. This factorization is given by (z,y) = (z,7(7)(c,)y) (so that we get an
alternating pairing from the given symmetric pairing).

o if F=F* and n is odd, r(m) factors through GO,(Q,) C GL,(Q,) and has multiplier

character 6 -
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o if /£ F define
9, = (GL, x GLy) x{1,j}

where j2 = 1 and j(g,p)j ' = (u(g™")",p). Let v : 4, — G,, be the map taking

(g, ) — p and j — —1. Then r(m) extends to a map 7"( ) : Gp+ — %,(Q,) such that
if o € Gp then o — (r(m)(0),€ (0)1 ) r(m) %;(Ql) = G (so the rest of Gp+ goes
to j times something), and v o (1) = ¢~ 0%/ p+ where 0p/p+ 18 the natural character
Gal(F/F*) = {&1}.

(Why is this group the way it is? Richard just “used it because it worked”, but
Buzzard-Gee did write a paper about this. It is sort of like the L-group of the general
unitary group, or possibly actually isomorphic to it, just with a different splitting. The
complication in general is that there are two different definitions of algebraicity which
are off by 1/2 from each other.)

6 January 28: more automorphic reps; intro to (¢,I')-
modules.

6.1 Finishing automorphic representations on GL,,

If Fis a CM field, we defined PRAC (polarized [7¢ = 7 @ || det ||'™"] regular automorphic
cuspidal) representations of GL, (Ar), and said that we could associate to such a m a Galois
representation ry; () = r(7) : Gp — GL,(Q,) (where i : @, = C has been chosen) such that
WD(’I"(TF))g;jS = rec(m,), HT,(r(n)) = —HCjor(Ta), and 7¢ = 7V, ™™ We also said that

the last isomorphism came from a symmetric bilinear (-,-)., : Q; x Q; — @, such that

1-n

<T(7T) (O’)I, T<7T)<CUO-C;1)y>CU - €l (U> <CL’, y>cm

or if you want to describe the isomorphism without picking a particular complex conjugation,
it F=F* you say that r(m) factors through GSp, (for n even) or GO, (for n odd) with
multiplier ¢, "(c), and if F' # F* you define

G = (GLn x GL1) x {15} + j(g. )3 ™" = (u(g™)", 1)

and say that r(m) extends to 7“( ) : Gpr — 9,(Q,) such that r(r )(go GL, x GLy) = G,
(1), = (r(7),6 ™), and if v : 4, — G,, is defined as last time then v o r(w) 6 K

If r : Gp — GL,(Q,) has such a pairing we will call it conjugate self-dual. If » comes from
such a 7 we will call it automorphic.

Theorem 6.1.1. Let F be a CM field, | a prime, i : Q, = C. Suppose r : Gp — GL,(Q))
15 a reqular algebraic conjugate self-dual l-adic representation. Suppose also

o [>2(n+1)
oQgéF
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. T|GF(CZ) is irreducible

® 7|gy, s potentially diagonalizable (a condition stronger than being de Rham, but it’s
not clear how much stronger; the technical definition is something about being crys-
talline on a finite extension of F,, and lying on the same component in the universal
crystalline deformation space with fixed HT numbers as a diagonal representation. A
typical example of a representation that satisfies this is when | is non-ramified in F,
T|ap, is crystalline for all v|l, and HT.(r) C [0, — 2] for all 7).

Then there is a finite Galois extension of CM fields F'/F, linearly disjoint from any given

finite extension of F, such that r|g,, is automorphic (this is called “potentially automor-
phic”).

Example 6.1.2. Let 7 be a PRAC automorphic representation of GLs(A). (These are in
bijection with modular newforms of weight k£ > 2.) Assume 7 is not CM (i.e. m 2 7 ® x
for any continuous character y of A*/Q*; equivalently, 7 is not an automorphic induction).
Then Sym"™ ' r;(7) is potentially automorphic for I > 0. Consequently, L(Sym" ' 7, s) has
meromorphic continuation to C and satisfies the expected functional equation.

The point of Newton-Thorne is to remove the “potential” in the theorem for Sym"™~
thus replacing “meromorphic” by “holomorphic”.

Lry(m),

Theorem 6.1.3. 1. If E/F is a solvable Galois extension of number fields and 7 is a
cuspidal automorphic representation of GL,(AF), then there exist a decomposition n =
ny + -+ +n, and cuspidal automorphic representations m; of GL,,(Ag) such that

BCE(m)~m @B -Bnr,.

2. If EJF is cyclic of prime degree, say Gal(E/F) = (o), and if Il is a cuspidal automor-
phic representation of GL,(Ag), then Il = BCE(r) if and only if oo = 11, and in this
case T is unique up to twisting by a character x o art o det where x : Gal(E/F) — C*.

Combining this with the theorem at the end of the last lecture and the Chebotarev
Density Theorem, we get the following.

Proposition 6.1.4. Suppose F is a CM field and r : Gp — GL,(Q,) is a conjugate self-
dual, reqular algebraic l-adic representation. Suppose also that E/F is a solvable Galois
CM extension such that r|q, is irreducible. Then r is automorphic if and only if r|q, is
automorphic.

6.2 Unitary groups

It’s hard to do arithmetic on automorphic forms on GL,, because there’s too much real
analysis. So we usually work with other groups. In particular, suppose F'is an imaginary
CM field (F # F't), and suppose that F//FT is unramified at all finite places (this is just for
technical simplicity; it implies that [F* : Q] is even). Let G,, = G be the reductive group
scheme over Op+ defined by

G(R) ={g € GL,(Or ®0,, R) | g(¢°*")" =id,}.
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(This is reductive because F//FT being unramified at all finite places means that O /Op+ is
etale.) If v|oo we have G, (F,) = U(n), which is compact. If v = 0¢(0) splits in F', we have

G(ES) ={(91,92) € GLn(F3) x GLo(F3)) | 92 = 97" }-

This gives us the following diagram, where all the arrows are isomorphisms.

G(Fj) GLn(Fﬁ> GLn<Fv)
\ g g*T
GLn(Fs)) GL,(F,)

Theorem 6.2.1 (Labesse). Choose p @ An/F* — C* a continuous character such that
pé = p~t and if vjoo then p,(z) = PR (This depends on the choice of isomorphism F, = C.)
Suppose 7 is a cuspidal automorphic representation of G(Ap+). Then there is a unique
n = nymy + -+ + n.m, with n;,m; € Z~y and PRAC automorphic representations m; of

GL,(Ap) such that if
II = Hﬂ;’zlﬂéin . ||(ni—n)/2 <7Tz|| . ||(1—mi)/2 B Bl - ||(m,-—1)/2)

where 0; 1s 0 if n+n; +m; is odd and 1 if n+ n; +m; s even, which is a representation of
GL,(AF), then

1. if v =10¢(0) in F then
I, 2 | |

(using GL,(F;) = G(E})).

2. if v is inert in F/F* and 7, is unramified WRT G(Opy), then I, is unramified. We
can describe it using the following diagram.

A, 0 Sat 7}

+
(Fy O,/ ~% o
N:(aq,...,an) = (q/as, as/al_4,...) ‘ m, © Satr, ar,
(£, /OR,)"
If we have G D B D T over Ff, we can write
- (resﬁ;”+ G)™? n even
| (resty G) Y2 x (resty Gy, )YTY noodd

and in both cases T X p+ F, = Gy,.
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3. If vloo and the representation m, of U(n) has highest weight (a1, ...,a,) € Z" where
a > --->a,, and 7 : F, = C, then

HC.(1I,) ={a1,a2 — 1,...;a, + 1 —n} or {—a,,—ap_1—1,...,—a; + 1 — n}.

We have

(so (z1,...,2n) € (F))"), and
diag(zy,...,2n) — H(Tzz)a‘
We call I1 the base change of m and write II = BCY., (7). Note that 11 is independent of the

choice of u, but the m; do depend on that choice.

Corollary 6.2.2. Suppose m is a cuspidal automorphic representation of G(Ap+) and i :
Q, = C. (Note that self-dual, reqular, algebraic, etc. are now automatic because of the
compactness and structure of G.) Then there is a semisimple reqular algebraic l-adic repre-
sentation

r(m) =ry(r) : Gp — GL,(Q)
such that
1. if v =vc(0) splits in F then

WD(r(m)|5, = rec(m,| - [(-/2)

where m, is interpreted as a representation of GL,(F;) = G(F,).

2. If v is inert in F' and 7, is unramified then WD(r(7)|a,, ) is unramified and takes
Frobp, to

(#k(v)) ™ V/2 diag(\,, o Satp! (@, 1,...,1), A, 0 Saty (1, @,,1,...,1),...).

3. r(m) is conjugate self-dual.
4. ifv|oo and T : F, = C is continuous, then
HT;-1o (r(m)) ={—a1,1 —ag,...,n—1—a,}
if m, has highest weight (ay,...,a,) WRT T.

Also, if () is irreducible, then BCE., () is cuspidal (r =1, my =1, ny = n). (This should
be iff but we don’t know that.)

Theorem 6.2.3. If 11 is a PRAC automorphic representation of GL,(Ar), then there is
a cuspidal automorphic representation m of G(Ap+) such that BCL, () = II. (This is not
usually unique! There’s no strong multiplicity one.) Furthermore, we may choose m which
is unramified with respect to G(Op+) at any place v where 11, was unramified.

32



6.3 Starting (¢, [')-modules

When | = p, for K/Q,, we saw that de Rham p-adic representations of G correspond to
filtered admissible WD reps. But there are many more p-adic representations of Gx. What
do those correspond to? One good answer is (¢, I')-modules.

Let K/Q, be finite with residue field & and maximal unramified subextension K, (so
K/Kj is totally ramified and K,/Q, is unramified).

Let (pn for n > 1 be a compatible system of p-power roots of 1, so that Cﬁnﬂ = Cpn,
Gp # 1, and ¢ = 1. Let K,, = K((n) and K, = |J, K,. We have an embedding e, :
Gal(K«/K) = Z,, whose image is an open subgroup (which is everything if K’ = Q,). Let
Iy = Gal(K,/K) and Hg = Gal(K/K,,), so that we have

0—- Hx - Gxg - T —0.

We have Ko, D K D Q, where K, /K] is totally ramified and K{/Q, is unramified (and
finite). Let k" be the residue field of K., (or K})). Let éx be the ramification index of K
over Q, «, that is,
(Koo + Qo]
(Ko - Q)
which divides but may not equal eg/q, .

Let Ak be the maximal p-power torsion subgroup of I'; thisis {1} if p # 2 and contained
in {£1} if p = 2, so it’s pretty silly, but Newton-Thorne crucially uses the case p = 2, so we
should remember it exists.

In summary, we have towers

K-Ko—K,—K—-K,—Q,

and o
K—KOO—K{]—KO—QP

with K,,, K, K{, K, being finite over @, and the others being infinite.

7 February 2: setting up (¢, [')-modules.

Good references for (p,I')-modules are [6] by Kedlaya, Pottharst, and Xiao, and [I] by
Berger.

7.1 Coefficient rings

Our coefficients will be a finite field extension L/Q,, or more generally an affinoid algebra
A/Q,. (The former is an example of the latter; we will try to mostly work over the latter,
but we will say some things that are only true in the former case.) By an affinoid algebra
we mean for example a Tate algebra

Q(T,....Ty) = {Zaizi g, — 0 as i — oo}

or more generally this mod some ideal I, where a; = a;,4,.. T{* T32 - - -. Affinoid algebras
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e are noetherian

e are Jacobson (every prime ideal is an intersection of maximal ideals)

e have residue fields at maximal ideals that are finite extensions of @Q,

e have all ideals closed

e are naturally Banach algebras

e are such that any Q,-algebra morphism between affinoid algebras is continuous

e are such that all finitely generated modules over an affinoid algebra have a unique
topology making them Banach A-modules.

If a, 3 € pP2U {0} with a < 8, and A is an affinoid algebra, we define

R[X’m = { Z a;T" | a; € A,]a;|3" — 0 and |a_;|a™" — 0 as i — oo} .

1=—00

This has a Banach algebra norm
| flap = supmax(la;|aa’, |a;| 4 5).

We can also write

RYY = AUV U = p TLTV =)

where a = p¥¢ and 8 = p¢, so it is affinoid, and Sp(Rf’B]) = Ala, )4 is an annulus over
A of inner radius a and outer radius 5. We also define the half-open annulus

Ala.B)a= | Alayla

aly<p
which is a rigid space but not affinoid (the RHS is an affinoid cover). Its ring of global

functions is
RI[4047/B) — ﬂ R‘[Aavy]
a<y<p

which is a Fréchet-Stein algebra. This means that for v, < s, R[X’W] — Rfm] is flat, and

we have an isomorphism
(REXZ,W])/\ oy Rfm]‘

Ha,“/l

We discussed the properties of these algebras last year—see notes at [11]. Write R = Rf’l)
for short, and let
R, = lim RY.
=

This is called the Robba ring.

Proposition 7.1.1. Suppose L/Q, is finite and let R = RB{X”B], R[La’ﬁ), or Ry. Then
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1. R is a domain.

NS

. R has the Bézout property: every finitely generated ideal of Ry, is principal (but there
may ezist non-finitely-generated ideals).

3. every closed ideal is principal.

4. R is adequate: if a,b € R, then we can write a = ayas where (ay,b) = 1 and for all
aslay such that az is not a unit, (as,b) # 1.

5. a finitely generated torsion-free R-module is free.

6. if M C R®" is a finitely generated submodule, then there is a basis ey, ..., e, of R®"
and fi|fa| -+ |fa € R such that M has basis fiei, ..., faeq. Furthermore, (f1),...,(fq)
are unique.

Proof. 1-4 were proved by Lazard in [7] (1962). The fact that 5 and 6 follow from the Bézout
property and adequacy was shown by Helmer in [5] (1943) (who was just going through the
structure theorem for finitely generated modules over PIDs and looking for the minimal
conditions that would make it work). O

Remark 3. Why isn’t R noetherian? Take some f Z 0 on Ala, §) with infinitely many zeros
z1, 29, .... Then we have an infinite ascending chain

e () < (Tir=) <

For example, on Ala, 1), we can choose

f(T)=1log(1+1T) = Z(_l)i—lz

: 7
=1

which converges on the open disc and vanishes at ( — 1 for any p-power root ( of 1.

7.2 Coadmissible modules
Given M C R®" | let

M** = {x € R™ | there is 0 # f € R with fxr € M}.

This is called the saturation of M. We call M saturated if M*% = M; this is equivalent to
M being a direct summand of R®". (Why? Direct summands being saturated is clear. In
the other direction, if M is saturated, then

0— M — R® — R®"/M — 0

splits, because M being saturated means that R®"/M is torsion-free and finitely generated,
hence free by Proposition m>
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A coherent sheaf .#Z over Rf"ﬂ ) is the data of a finitely generated R[j"ﬂ—module M., for
all v € p® N [a, B) together with compatible isomorphisms for all 5 > v

[%’Yl] ~
///«,2 ®RE24,W2] Ry — M,,.

We call .Z a vector bundle iff each .#, is flat, or equivalently locally free, or equivalently
projective (since ., is finitely generated over the noetherian Rf’ﬂ). We write

() = @///v;

this is a module over R[X"B ). We call R[j"ﬁ )-modules arising this way coadmissible.
The following facts and properties are proved in [I1].

Coherent sheaves over R[X"B ) form an abelian category.

e [ is an equivalence of categories between coherent sheaves and coadmissible modules.
We have
F(.//) ®RE§>¢,,B) REZW] = ,//,y.

Finitely presented Rf’ﬁ )-modules are coadmissible.

['(.#) is naturally a Fréchet space.

Morphisms between coadmissible modules are continuous.

If M D N are both coadmissible then N is closed in M.

If M is coadmissible and N C M is closed, then N and M/N are coadmissible.

By a coadmissible module over R4 we mean a module of the form M ® RS R4 for some
a and some coadmissible M over R.

7.3 (¢,I')-modules

Let K/Q, be finite and K D Ky D Q, be the maximal unramified subextension; let (,» for
n > 1 be such that Qﬁnﬂ =(r, p#F L¢P =1 allin K. Let K, = K((n) and Koo = U, K.
Let Koo O Koo O @, be the (finite!) maximal unramified subextension (this is a change
of notation from last time, sorry). Let I'x = Gal(Ky/K) —% Z; and Hx = Gal(K/K).
Let ek, be the ramification index of K /Q, ~, that is,

(Koo 1 Qpoo]
[Koo,O : Qp] '

(Similarly, for any K'/K we can define ex;_,x...)
To certain additional data mx, we associate

Ry (i) = RY g, Koo = Ridk.

together with
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1. a continuous action of I'x which is A-linear and K o-semilinear,

2. amap ¢ : REZ"B] (TK) — Rfl/p’ﬁl/p} (7)) which is A-linear and Flrob;1 = Frob@;—linear

for K, making R[Xl/p’ﬁl/p](m() a finite free R[j"ﬁ](m{)-module of rank p.

[

Given g, 7y, for a, § sufficiently close to 1, there is a canonical isomorphism Rf’ﬁ ] (rg) =

Rf’ﬁ ](W}{) compatible with the additional structure. (It is possible to give an abstract
definition of this data without choosing 7y, but that is hard to work with. If you want to
write down precise formulas, you need to choose some 7x.)

We can do the same for RS (7mx) and Ra(mgk).

If K'/K is finite and « sufficiently close to 1, then there is a canonical map

1/er o
Ri(me) = By (o)
which is (¢, I'k)-equivariant and finite étale of rank [K._ : K ]. If K'/K is Galois then this

CKlo /Koo (

1/
map is Galois with group Hy//H, and the T'g/-action on RS ) extends to an

action of G /Hg:.

Example 7.3.1. Let K = Q,. There is a natural choice W(%p (which depends on the choice
of () so that for ? = [a, ], , —, R} (mg ) has

p(T)=(1+T) -1
A1) = (14 T)7 -1
for y € I'g,. If t =log(1+T) € R;(W&p), these become ¢t = pt and vt = €,(7)t. Let

(1 +T)P -1
This is degree p — 1 and has roots ( — 1 for ¢ a primitive pth root of 1. We have
net, o (1+T)" -1
90 (q) - (1 + T>pn71 - 1

and this has roots ( — 1 for ¢ a primitive p"th root of 1. We can also write
n—1
(=TT ? ()
n>1 p

since the Nth partial product is

L+ -1 1 (p,
= % )T

1 /pN 1 VN — 1) (pN — (i —1 _1)i-1 '
_N(p ) _ P (p ) (p (Z )) ( ) (HlOd prvp(z)Zp>

P i

so indeed the partial products approach the expansion of log. From this we see that the
roots of ¢ are ( — 1 where ( is a p-power root of 1.

and

N il (i—1) i
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In general, for n >, 0, we have R (7x)/¢" ' (q) = A ®q, K,. (This is clear if K = Q,;
we can’t explain it yet in general.) Any finitely generated 1dea1 of Rg, (WQ ) dividing " is

of the form .
I (@”‘1(61))”
p
for j, € ZN[0, NJ.

There is an operator V on RY%(mx) given by

1
V= 0g(7)(f)
log €(7)
for any v € ' \ {1} sufficiently close to 1, where by definition logy = > M. Vis

A®,, o-linear, commutes with ¢ and I'k, and satisfies the Leibniz rule

V(fg) = (Vg+ f(Vyg).

Remark 4. This is analogous to how if a Lie group I' acts on a vector space V', then Liel’
also acts on V via

d
Xv = E(exp(tX)v) |li=o

and if we let exp(tX) = 4, then for ¢ sufficiently close to 0 we have by definition

log(exptX)v  (logv:)v
t ot

Xv =

so differentiating in the direction of ~; is the same as acting by log ;.

Example 7.3.2. On R§(7¢ ), Vf = t(1+T) 35 iy
(Justification: we have ’y( ) = €x(7)t, so ’y(t”) = €,(7)"t", so
(log7) (") _ (log(ep(7)"))(E")

L d d
g, ()~ logle() gt = DGR

for all n.)

If n >, 0, there is an expansion map

i RY(mr) = (L@ K,)[{]
test/p"

which is 1 ® Frob;f—semilinear for L ® K p.

Example 7.3.3. In the case of R%(m%p), tn(f) is the expansion of f at (,» — 1 in terms of
t = p"t (which has a simple zero at (,n — 1).

The map ¢, has the following properties.

1. If a < B, 1, on R} (k) and RY (k) commutes with R$(mx) — R} (mx) for n>> 0.
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ln

Ry (7x) (L ® K,)[f]
¥ lembedding t—t
P lp+1 ~
, B (L ® Ky []
commutes for n > 0.
3. if K'/K is finite,
bn .
R%(WK) <L® Kn)[[t]]
‘ {natural inclusion
al/EKéo/Koo tn INTE
Ry (mx7) (L@ K;)[t]

commutes for n > 0.

4. 1, is equivariant for the I'i-action, where

on (L ® K,)[{].

Modules over the Robba ring with (¢, 'k )-actions will turn out to classify Galois repre-
sentations for K. Why? It’s not really clear...

8 February 9: basics of (¢, ')-modules.

8.1 Recap

Recall that we have a finite extension K/Q,, and additional extensions K,, = K((n), Koo =
UK., T'k = Gal(K/K) — Z;, Hgx = Gal(K/K,,), and K, and Ky, the maximal
unramified subextensions of K, and K. Let A be an affinoid algebra over Q,, and L a finite
field extension of Q,.

For o, 3 € p? with o < 3, we defined Rf’ﬁ ], the rigid analytic functions on the closed
]

annulus with inner radius o and outer radius 3 over A. We also defined RS = @a <pet Rf’ﬂ ,
the functions on the half-open annulus with inner radius « and outer radius 1, open on the
outside. Finally, we defined Ry = J,_,; R%. We saw that in the case A = L, for finitely
generated ideals and modules, these rings behave like PIDs.

We also saw that modules over R correspond to coherent sheaves, and coadmissible
modules correspond to compatible collections of modules .#, over R[X’ﬂ, each finitely gen-

erated over RE‘W], for all @ <~ < 1. We called a coadmissible module .#Z a vector bundle if

each ., is flat.
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Given some data 7, we defined a structure Rf’ﬁ] (k) = R[X’ﬁ] ®q, Koo, which came

with a semilinear I'k-action and a ¢ : R, (1x) — Rf which is Frob, '_semilinear.

(Note that assuming o < 3 < 1, a'/?, /P are closer to 1 than «, 3 are, so we're pushing the
annulus out toward 1.) We said that for «, § sufficiently close to 1, this thing was canonically
independent of 7, only depending on K. We can similarly define RS (7mx), Ra(7k).
We saw that when K = Q,, and we choose a particular simple TQ, We have R;‘(ﬂ'@p) =
% o(T) = (1+T)P—1,and y(T) = (1+T)*™) —1. If t = log(1+T) this becomes ¢t = pt
and vyt = €,(y)t. The zeros of t are the p-power roots of 1. We defined an endomorphism V
of R%(m) given by
log(y)f
log €,(7)
Here is another explanation of why V looks like this. Suppose we have a map p: G — GL,
of Lie groups. We can differentiate it to get dp : LieG — LieGL,. We have maps exp :
LieG — G and exp : LieGL,, — GL,,, which commute, so that

p(exp(tX)) = exp(tdp(X)).
Taking logs of both sides and dividing by t gives

log p(exp tX)

; = dp(X).

In the case where i is an open subgroup of Z), so that Lie G C Z,, if we let v = exp(tX),
this becomes

log p(7) = dp(logy) = (log y)dp(1).

So our expression for V looks like dp(1) = %. For n >, 0, we found maps

b RS (7x) — (A® K,)[{]
compatible under ¢ with
1+ RY () = (A® Ko [1]

taking ¢ — ¢/p", with the result that v¢ = €,(7)t, V = fd%. These maps are obtained by
taking power series expansions around a p"th root of unity very close to the outer boundary
of radius 1 (so that it lies in our thin annulus).

8.2 Some properties of R,(7k)

Here is a lemma used in Newton-Thorne for which no reference is given.

Lemma 8.2.1. Let L/Q, be finite, v € T'x\{1}, and f € Ry (nk). Suppose that (y—1)"f =0
Jor somen > 0. Then f € L ®g, K-
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Proof. WLOG L = Q,, since Ry (7g) = Rq,(7x) ®q, L for L finite. We induct on n.

If n =1, v has an infinite orbit in Sp(R[a 5]( k)) = A(a, B). This is because we have a

finite étale map
Koo B°Koo ] (

Sp(RG (= ))—>SpR[a T,

(where ek, is the ramification index of K, over Q) and on the RHS we know that
Vi = (1+z)0" 1.
Thus if x is in a finite orbit, we have

Y'r =
— g4+ 1=(1+z)0"
= 1=(1+2z)0!
— 1=(1+ >vp<<w”) 1)

which is to say that x = ¢ — 1 for a p-power root of unity ¢. This is not the case for all z.
So if 4f = f then there is ¢ such that f(z) = ¢ for infinitely many = € Ala, 8], so f = ¢
(rigid analytic functions can’t have infinitely zeros on affinoids).

If n > 1, v has a finite orbit on Ala,1) = Sp(Rg (7x)), because we have a finite map
Ala, 1) — Aok~ 1)(= Sp(RaZK‘X’ (W@p))), and if ¢ is a p-power root of 1 then ¢ — 1 has a
finite orbit in the target, which gives rise to a finite orbit in the preimage.

Call this finite orbit z,vz,...,y" " '2,9"2 = z. If (y — 1)"f = 0, then by the inductive
hypothesis, (7 — 1)f = ¢ is a constant. Therefore we find

f(vz) = f(2) +c
f(%2) = f(yz) + ¢ = f(2) + 2¢

f(z) = f(7"2) = f(z) + nc.
We conclude that ¢ = 0, so vf = f, so by the n =1 case, f = c. O

We also need to introduce another extension of Ra(m). Let R4(mx)[¢] be a polynomial
ring over R4(7k), equipped with

o(l) = pl + log (%) , v(l) = €+ log (@) ,

where T' € Ru(7g, ) — Ra(7x) and ¢ = % We have another operator N on Ra(mx)[/]

which is Ra(m)-linear and satisfies N(¢) = —-27 and N(fg) = (Nf)g + f(Ng). (The

1
intuition is that ¢ is “log7”.) We can also extend ¢, to

nt Ra(mi)[l] — (A ® K,)[t]
0+ log(Cpm exp(t/p™) — 1).
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8.3 ¢-modules
Definition 8.3.1. By a ¢-module over RS (7k), we mean a finite projective (hence coad-
missible) module M over RS (7x) together with a map

o M = My = M Qpa(ny) RZW(WK)

which is (p-semilinear and induces an isomorphism
* al/P ~
<g0 M:=M ®R%(ﬂK)7<p RA (WK)) — Mal/p.

Lemma 8.3.2. This is the same as a vector bundle A4 over R4 (7 ) (coming from M., over
Rf"ﬂ (7)) for all ) together with an isomorphism

1/p;yl/p}

@ : 90*%7 = %,yl/p7[a1/p7,yl/p] = ,//,yl/p X = RE? (7TK).

1
RE?”Y /7] (m

A warning about the proof, which we won’t do because it’s standard: I'(.#) is finitely
generated and projective because of the ¢ structure. Without it, the number of generators
might blow up as you get near the boundary, but the ¢ structure moves things closer to the
boundary while maintaining uniformity in the number of generators.

Definition 8.3.3. By a p-module over R (7 ), we mean a finite projective module M over
Ra(mk) together with o : o*M = M arising by base change from some p-module M, over
R4 (7 ) for some a < 1.

Lemma 8.3.4. Let L/Q, be finite, M/R(mk) be finite projective, and ¢ : M — M be
@-semi-linear. Suppose M = (oM)g, (xx) (note that oM might not itself be a module over

Rp(7k), due to semilinearity). Then for any « sufficiently close to 1, there is a unique
R%(mk)-submodule M* C M such that

1. M~ ®R%(ﬂ-K) RL(T['K) :> M, and

2. M® @Re (ny) R%l/p(m() has a basis contained in @M® (a finite-level version of the
hypothesis M = (p M) g, (x,c); basically “p is surjective”, except it’s not a module map).

Furthermore, (M, ) is a @-module arising from this M*. If B > «, then
M® ®pg (o) Ri (1) = MP.
If M/Ra(mk) is a p-module then for n > 0 let
M, = (A® K] @rgyime) M.
We have an isomorphism
A® Ko [f] ®agr, g Ma = Mas1

1®(f@m)— f®om.
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Lemma 8.3.5. Suppose L/Q, is finite. (This lemma really doesn’t work over general affi-
noids!) Suppose also that My/ Ry (mk) is a o-module. Then there is an equivalence of cate-
gories between
{ip-modules M with an embedding M — My[1/t] inducing M[1/t] = My[1/t]} and
{collections { M, } of compatible free (L @ K,,)[t]-modules for n > 0 (compatible meaning

M, O (LoKa)[i] (L® Kn+1)[[t~]] = M, +)
together with compatible M, — My, [1/t] inducing M,[1/t] = My,[1/t]}.

That is, given one p-module M,, we can generate a bunch of other ones by perturbing
at a p"th root of unity. If we have an M as in the first category, it can only differ from M,
at the roots of ¢, i.e. the p-power roots of unity, so we need to say what it is at the p-power
roots of unity. The data in the second category tells you this, and since everything has to be
compatible, it is really the data for one p"th root of unity for sufficiently large n, which can
be translated to everything else via Frobenius. Actually, this is the only way to change M,
by a finite amount, since if you wanted to change it at a member of an infinite orbit you’d
have to change it at every member of the orbit.

8.4 (p,I')-modules

Definition 8.4.1. By a (p,I")-module M /RS (7k), we mean a @-module (¢, M) together
with a continuous semilinear action of 'y which commutes with .

By a (¢,I')-module M/Ra(7k), we mean a g-module (p, M) with a continuous semilinear
action of I which arises from a (¢, I')-module M /R4 (7k) for some o < 1.

Lemma 8.4.2. If L/Q, is finite and M /R (7k) is a finite projective module with commuting
semilinear actions of ¢ and Uk (the latter continuous), and (¢ M), () = M, then M is a
(o, I')-module.

Theorem 8.4.3. There exists an exact, fully faithful tensor functor M,y from
{finite projective A-modules with a continuous A-linear action of G} to
{(p,T")-modules over Ru(mk)}

(which is not essentially surjective). It has the following properties:

1. it is compatible with base change in A.
2. rankp, (x) Mrig(V) = rank, (V).
3. if K'/K is finite, then M,ig(Vg,,) = Mrig(V) @R, (nx) Ra(mrr) as (@, gr)-modules.

Lemma 8.4.4. Suppose K'/K is finite Galois. Then there is an equivalence of categories
between

{(¢,I'k)-modules over Rs(mk)} and

{(¢, 'k )-modules over Ra(mk:) with a semi-linear action of Gal(K. /K) extending the
action of 'y C Gal(K. /K)}

taking M5 <« M and N — N ®p ,(r) Ba(mrr).

The extension R4(mx)[¢] we introduced will be used for example to detect when a repre-
sentation is semistable. It will be used in going from filtered WD reps to (¢, I')-modules.
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9 February 11: Dy dr cris.st-

9.1 Recap and loose ends

Recall that we defined a (¢, ')-module as a finite projective module M over R4 (7k), along
with ¢ : *M = M| Sp B3P ()’ and a semilinear continuous action of 'y, where we are
A U

given ¢ : R%(mx) — RS (mx) and an action of 'y = Gal(K+/K) on RS (7). If Ra(mk) =
U RS (7K ), an M over Ry(mg) will come from a (¢, I')-module over some RS (7).
If K'/K is finite and M is a (¢, 'g/)-module over R4(7mk/), we may define

Indj, M = IndpX, M

viewed as a R(mg)-module; this is a (¢, 'x)-module over R4 (7).
Last time, we stated the following theorem.

Theorem 9.1.1. There is an exact fully faithful tensor functor M,,, from
{finite projective A-modules with a continuous A-linear action of Gk} to
{(¢,T'x)-modules over R(mk)} with the properties that

e it commutes with change of the coefficients A.

o if K'/K is finite and V' is given over Gk, we have

Mrig(V|GK/) = Mmg(v) ®RA(7rK) RA(TFK’)-
e if K'/K is finite and V is given over Gy, we have

Mysy (TG, V) = Tndf, Myy (V).
o rankp, (r) Mrig(V) = rank4 (V).

9.2 Differentials and Sen modules

Suppose M is a (¢, 'x)-module. We can define

V= %87
10g€p(7)

for any v € I' \ {1} sufficiently close to 1 (so that log~y is defined). This satisfies
Vau(fm) = (V)m+ f(Vum)

for all m € M and f € Ra(mg), where V is the differential we defined on the Robba ring.

We can also define
M, =M ®Rj(7rK),Ln (A ® Kn)[[t]]
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for n > 0 (for a large enough that M exists over it). This has an action of I'x and V.
We have

Var, () = (E55 ) m 4 7V, ).

This means that V Mnan C tM,,, hence V u, induces an A ® K,,-linear endomorphism of
M, /tM,. The Sen module is

Dy (M) = (Mn/EMn)FK

sen

over A ® K; this is independent of n for n > 0 (since going from n to n + 1 just means
extending scalars from K, to K, ). We write

@sen == _an

for the Sen operator acting on D2,,,(M). We have

Sen

rank 4 D?

sen

(M) = [K . Qp] rankRA(WK) M.

Let L/Q, be finite (Richard thinks the following should also work for an affinoid algebra
A, but can’t find a reference). Suppose V/L has a continuous action of G. Recall that
I'x = Gx/Hg. We have a K,-module

~

(V ®@p @p)HK

(where Hg acts diagonally on both factors) which by Hilbert’s theorem 90 satisfies

~ ~ o~

(V R, @p)HK ®f<oo @p =074 Xq, @p.

This contains D, (V'), the union of all finite-dimensional I'x-invariant K .-subspaces. This
is (evidently) stabilized by the I'-action, and it turns out we have an isomorphism

Dsen(v) ®Koo l?oo :> (V ®@p @p)HK‘

Dgen (V) is again acted on by the operator O, = —10;0517) for v € Tk \ {1} sufficiently close

to 1, and this action commutes with the I'x-action since 'k is abelian.

Proposition 9.2.1. We have DS, (M,i;(V)) @k Koo = Dsen(V'), and the two Ogep,s agree.

sen

Let charg,,, () € (L ® K)[z] be the characteristic polynomial; since O, commutes
with the I'g-action, charg,, () is invariant under the I'g-action and hence actually lies in
(L® K)lz]. If 7: K — L, we write HT'S-(V) (Hodge-Tate-Sen weights) for the roots
of (1 ® 7)chare,,, () € L[z] with multiplicity, which lie in L. If V is de Rham, then
HTS. (V)= HT.(V) (in particular HT'S, (V') consists of integers), and O, is semisimple.
(Note that the Sen operator ©,., contains more information than HTS, (V) if it is not
semisimple.)
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9.3 Dyr
Let L/Q, be finite (for real this time), and M an R (7 )-module. Write
Dyr(M) = M,[1/1]"*
for n > 0, which is a module over L ® K independent of n. We have
M,[1/]V¥m=0 = Dyp(M) @k K,

for n > 0, because 'k acts through a finite quotient on the LHS and base changing from K
to K, gives the same thing by Hilbert’s theorem 90. We have a natural embedding

Dar(M) ®rer (L @ K,)((t)) = M,[1/t]

SO

dimK DdR(M) S dimKn((f)) Mn[]_/t]

We call M de Rham if the dimensions are equal, or equivalently if the embedding is an
isomorphism. (Some people, in the context of p-adic differential equations, also call this
“locally trivial”: “there is a full set of solutions to the differential equation V,;, = 0 locally
near a root of unity”.)

The differential

VMn : DdR<M) R Kn[[ﬂ] — fDdR(M) R Kn[[ﬂ]

has image divisible by £, so if we were working with this lattice it would look like the HTS
numbers were 0, but this is not our original lattice M,,, which is where the HT'S numbers
are actually defined.
We define . '
Fil' Dgr(M) = (£'M,)"*
for n > 0. This is a decreasing filtration which is (0) if i > 0 and Dyr(M) if i < 0.
Proposition 9.3.1. Dyr(M,;;(V)) = Dar(V).

If M is de Rham and we choose 7 : K < L, then HT'S, (M) contains ¢ with multiplicity
dimp, gr* Dyp(M) @ker o1 L.

Example 9.3.2. The proof of this if K = Q, (the argument is exactly the same in general,
just more notation): choose a basis e; of Dyr(M) over L compatible with the filtration.
That means for all j, Fil! Dgr(M) = (ey,. .., eq;). Say e; € Fil¥@\ Fil?@*! Then ¢; lies in
t1OM,, t4We; lies in M, and the t-¢De; form a basis of M, over (L ® Q,,,)[t].

Then these also give a basis of M,/ tM,. We have

— Vi, (7)) = d(i)t~ Ve, — 71OV, e,
and if M is de Rham then the second term is 0, so
Ouen (T7MWe;) = d(i)(T71Ve;)
which is to say that {~%e; is an eigenvector of O, with eigenvalue d(i), and therefore

HTS(M) = {d(i)}:.
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Lemma 9.3.3. Suppose that 0 — M; — M — My — 0 is an ezact sequence of (v, ['k)-
modules over Ry (mg) with My and My de Rham. Suppose also that for all T, every element
of HT.(My) is strictly less than every element of HT,(Ms). Then M is de Rham.

Proof. Choose n sufficiently large so that Dyp(M;) @k K,[t] = M;, fori=1,2. We get a
left-exact sequence
0— DdR(Ml) — DdR(M) — DdR(MQ)

and we need to show it is short exact (the rightmost map is surjective) because that will
show that Dyr(M) has the right rank. WLOG L contains 7K for all 7 : K — L, so it
suffices to prove that

Dar (M) := Dap(M) Qrerier L = Dar.-(M>)

for all 7. Let m = max HT,(M;) + 1; this is < every element of HT,(M;). We are going to

prove that
Fil™ DdR,T<M) — Fil"™ DdR’T(MQ) = DdRﬂ-(MQ).

Write L ®q, K, = [[Ls, and let Lo/K, be a factor such that K — K,, — Lo commutes
with K —7 L — L. Tensor both sides by ®;Ly. We have

Fil™ DdR,T(M) &1 Lo = (tNmMn LK, LO)FKn
Fil™ DdR,T(MQ) &1, LO = (meQ,n ®L®Kn LU)FKn

because (as we said before, by Hilbert 90)
Dar(M) @ K, = M,[1/t]"<
and so
Dar(M) @rax Lo = (Dar(M) @k Kp) @rax, Lo = My[1/1"* @rex, Lo-
(Here 'k, = Gal(K/K,)). Let I'k, = (7). We have a short exact sequence
0 — "M, ®r,er Lo = "M, ®5,er Lo = " Ms, @k, o1 Lo — 0.
Apply 7 — 1 to each term and use the snake lemma on the resulting map of SESs to get
0— (" My, ® Lo) ™n — ("M, @ Lo)' ™ — (t™Ma,, ® Lo)' " — "My, @ Lo/(y — 1)

(where the first three terms are the respective kernels of v — 1). It suffices to prove that
v — 1 is an isomorphism on ™M, ,, ® Lgy (50 in fact both the first and the last terms are 0,
though we only need the last).

As in our previous example calculating HT'S numbers, choose a basis {e;} of Dyg (M)
compatible with the filtration, with e; € (Fﬂd(i) \ Fild(i)+1)DdR7T(M1). We know that {t~4"e;}
is a basis of M}, ® Lo over Lo[t], hence {tm=40)¢;} is a basis of t™ M, @ Ly over Ly[t] (note
that m — d(i) > 0 since m > d; € HT,(M;)). So any element of t™M; ®,«r, Lo can be

written uniquely as
[e.e]
e 2L ft

i j=m—d(i)
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If we apply v — 1 to this, since ~ fixes e; and passes through the coefficient field elements

fij € Lo, we get
Zez Z fw (7)) — 1)

i j=m—d(i
Since j = m — d(i) > 0 for all j appearing in the sum, we have €,(7)? — 1 # 0, so indeed
7= 1:8"M @k,01 Lo = 1" M) ®k,e1L Lo.
Il

Exercise 9.3.4. Write this out in the case K = Q, (so Ly = L, etc.), where there’s less
notation, to help see what’s going on.

9.4 D.s, Dy, etc.

There are also analogues of the other functors of p-adic Hodge theory. The definition of D,
is a global definition over the whole annulus, unlike Dyr which operates locally at a root of
unity. Define

Deyis(M) = M[1/t]'%

a Ky ® A-module with a semilinear Frobenius. Similarly, define
Dy(M) = (M ®p () Ra(mic)[£, 1/t])""

a Ky ® A-module with a semilinear ¢ and an operator N such that o N = pNyp, ie. a
(p, N)-module. If K'/K is finite Galois, define

Diyerst(M) = (M ®py(rye) Ralmic) 6, 1/4])7
a (¢, N,Gal(K'/K))-module with coefficients in A, and

Dyet(M) = lim Dy (M)
Kl

a (¢, N, Gg)-module with coefficients in A. We have
rank g/ /i, ko Dic—st/stjeris(M) < tankp, (re) M
and if these are equal we say M is K’-semistable/semistable/crystalline. We have
Da(Myi4(V)) = Do(V)

for @ = cris, st, K/ — st.

Next time, we’ll talk about the following theorem. In p-adic Hodge theory, de Rham
implies potentially semistable. This is proved by proving it for (¢, I')-modules and then de-
scending to Galois representations. For (¢, I')-modules, one thinks of the de Rham condition
as saying that a certain differential equation has a full set of solutions formally at a root of
unity, and the crystalline/(potentially) semistable conditions as saying that it has a full set
of solutions over the whole annulus. The big theorem is that given the Frobenius structure,
being able to solve an equation locally at a root of unity means you can solve it globally.

48



10 February 16: M,;, and rank 1 (¢,[')-modules.

10.1 Recap

Last time, we were working with M, a (¢,'k)-module over Rp(mg). We looked at its
expansions around roots of unity

Mn =M ®RL(7rK),Ln (L ® Kn)ﬂﬂ]

for n > 0 (which all carry the same data because the Frobenius takes p-power roots of unity

to previous ones). We defined )
Dar(M) = M,[1/1]"<,

a module over L ® K (which no longer has the action of Frobenius), and by differentiating
the action of 'k, we got an operator V), , and saw that

M,[1/8]V4n=0 = Dyp(M) @k K,

(once the infinitesimal action of T'y is trivial, Ty acts through a finite quotient, at which
point Hilbert’s Theorem 90 gives you the K-structure of the K,-vector space). We got an

embeddin
: Dan(M) @xc (D) <> M,[1/1

and called M de Rham if this was an isomorphism. We also defined
Dcris(M) = M[l/t]rK

with ¢, over Ky ® L,
Dy (M) = M[(,1/t]

with ¢, N, over Ky ® L, and
Dyr—a(M) = (M @ Ry (m)[1/t, €)'
with ¢, N, Gal(K'/K), over K} ® L. Finally

Dpst = ligﬁlDK’fst-
K/

These are analogues of the similarly-named modules associated to Galois representations,
and recover them when M comes from a Galois representation.

10.2 M,y

If M is de Rham, there is a finite extension K’/K and a finite projective (¢, 'ks)-module
My C Rp(mh)[1/t] ® M such that

o Mo[l/t] = Rp(mwr)[1/t] @ M,
® VMMQ C tMO,
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o Dir (M) = Mle]"x',
[ ] DK’fst(M) ®K(l) K;z :> DdR(M) ®K K;L,

o Myll] = Dgr (M) ®pexy Ri(mr)[l].

(That is to say, Dgs_g (M) has maximal rank; M being de Rham means there’s a full set
of solutions to the p-adic differential equation V = 0 in a neighborhood of a root of unity;
these solutions extend to the whole annulus.)

In fact, for L/Q, finite, we get an equivalence of categories from

{de Rham (¢, 'x)-modules over Ry (7g)} to

{filtered (¢, N, Gk )-modules with coefficients in L}

as follows. If D is in the latter category, if N = 0, we could define an associated (¢, 'k )-
module by

RL(TFK) RKoor D

with action of v € 'k given by v ® 1 and ¢ given by ¢ ® ; this has local expansion
K [t] @pvobz, o D-
For general N, we could define an associated (¢, 'k )-module by
Moy = (Rp(7x)[l] @ Koo D)

(by N we mean N ® 1+1® N), which is indeed a (projective) (¢, I')-module; this has local
expansion
MO,n - (Knﬂt]] ®Frobg,K0 D)N:O-

This My is the “second lattice” with nice properties associated to M,;,(D) from the beginning
of this subsection; it doesn’t have the information from the filtration of D yet. In order to
identify M,,(D) C My[1/t], by Lemma [8.3.5 we need to choose sublattices of My ,[1/#] for

each n. More precisely, we want a sublattice of
(D) @,y Mo = (Kul(D) @rong scs DY
5 (Kul(B) @, DYV
= (K, ((f)) @k Dr)™™°

where D = D ®g, K (this is the part with the filtration on it), and our desired sublattice
of (K,((t)) ®x D)V~ is

Fil’(K, () @k Dg)V=0 = (Z K, [i] @k Fil’ DK> _ .

(That is, this is our choice of M,;,(D),, which depends on the filtration on D.)

We have M,;,(D) = M,;,(V') for some V if and only if D is admissible. (Recall that this
is a “Newton polygon lies above Hodge polygon” condition comparing the valuations of the
eigenvalues of Frobenius with the jumps in the filtration.) As a result, if V' is de Rham,
then M, ;,(V) is de Rham, so M,;,(V) = M,;,(D) for some D (this is the hard part coming
from solving the differential equation), and D is admissible. Therefore D, (V) = D and V'
is potentially semistable.
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10.3 Cohomology and globalization

You can recover Galois cohomology on the level of (¢, I')-modules. Let M over Ra(m) be a
(¢, 'x)-module, and Ax C 'k be the maximal p-power torsion subgroup (i.e. {1} if p > 2
or {1} if p = 2). Let I'x/Ax = (yx). Define H;_ (M) to be the cohomology of

MAK (p—1,yx—1) MA% @ VA (vxk—=1)+(1-¢) MAK
Proposition 10.3.1. 1. H;_ (M) is a finitely generated A-module.
2. Hy ., (Myy(V)) = HS(Gk,V) if V is a projective A-module with continuous G-
action.
Also define

H(M) = {m € M | there is n € Z+g such that (¢ — 1)"m = (yx — 1)"m = 0}.

Then H is left exact, and H(M) # (0) if and only if H?_ (M) # (0) (by successively

PVK

replacing m by (¢ — 1)m or (7x — 1)m), also if and only if Hom(R4(7x), M) # (0) (because
such a homomorphism is determined by where 1 goes to, and the possible images of 1 are

exactly the elements of H)_ (M) # (0)). Recall that we explicitly calculated

H(Rp(rx)) = L ®q, Ky = HY_ _(Rp(7K)).

PYK

If X/Q, is a rigid space, we can define a (¢, 'x)-module over R (7k) to be a coherent
sheaf of modules . over X xgq, Ala, 1)together with

o: (Ix o)l = A

over X x Ala!/?,1)and a continuous Ox-linear, Rg (mx)-semilinear I'g-action such that for
all affinoid subdomains Sp(A) C X, .#(Sp(A)) is a (¢, 'k )-module over RS (7).

Alternatively, we can define RS (7x) as a sheaf on X and think of .Z as a sheaf on X.
We can also define Ry (7 )-modules, in which case this alternative definition doesn’t change,
but the previous one might have to be modified.

10.4 Examples of rank 1 (¢, 'x)-modules

These will be important due to being easy to classify.

1. Let 6 : Gx — A be continuous. Then we get a rank 1 (ap,FK) module M,,(5), and
since M,;, is a tensor functor, we have Mmg(51(52) mg(51) ® Mmg((;g)

2. Let a € A*. We will define a (¢, 'k )-module M, of rank 1. Define D, over A ®q, Ko
as follows. First define

Ko:Qy)
D= GD (A ®q, Ko)e;
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with Frobenius

€i—1 ifi>1
Pei = o
ae[Ko:@p] if i = 1.

This is A ®q, Ko-linear for the trivial A® Ky-action. Define a second A ®q, Ky action
ﬁL.77 by

(a® B).e; = a® (Frob,* B)e;
so that ¢ is 1 ® Frob, !_semilinear WRT the “.” action of A ® K,. Now define D, to

be the submodule of D fixed by 1 ® o for all o € Gal(Ky/Q,). D, still has an action
of ¢ and inherits the “.” action of A ® Ky, and is free of rank 1 over A ® Kj. Finally
define

M, = RA(WK) P AR K, D,.

This is free of rank 1 over Ra(mg), with v acting as v ® 1 and ¢ acting as ¢ ® ¢, so
gives a (p, 'k )-module. (This is the same as what we were doing before in general,
but here we don’t have to deal with NV and the filtration.) We have

(a) Ma (2 Mb = Mab-

(b) if A= L, Fil° D, = D,, and Fil' D, = (0), then M, = M,;(D,).

(c) if 6 : G /Ix — A* is continuous, then M,;,(8) = Mjgroby)- (This is true over a

general affinoid A.)

Here recall that if V/A is a finite projective module with a continuous action of G,
M,;4 as a functor from
{finite projective A-modules with continuous action of G} to
{(¢, 'k )-modules over R4(mg)}

is a fully faithful exact tensor functor which we mentioned but didn’t define. It is
given by M,;,(V) = (B4®V )5 where we don’t want to define B4, but the important
things to remember about it are that Bfx = Ra(mk) and that B4 has actions of ¢
and G, so that M,;,(V') has actions of ¢ and I'k.

Separately, we have the second M,;, from

{filtered (¢, N, Gk )-modules}

(which are equivalent over large coefficients to filtered WD reps of W) to
{(¢,T'k)-modules over R4(mk)}, which we defined earlier in this lecture.

If V' is de Rham, then M,;,(V) = M,;;(D,st(V)), but the second functor is more

~

general, existing without any admissibility assumptions. (The compatibility M,;,(d) =
M3 gy Should follow from this.)

. If 0 : Wi — A is a continuous character (so it’s continuous on inertia and Frobenius
can go to anything), we can write 6 = d;0o with §; unramified and 0, extending to
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52 : Gg — A*. For example, if p € Wy is a lift of Frobenius, we can set §; : Wx —
Wi /Ix — A* to be Frobg + 6(¢); then dy = 667" : p > 1 extends to Gx. Then let

RA(WK)<5) - Mm’g($2) & Mél(FrobK);

this is well-defined independently of the choice of 97, d5 by the previous compatibilities.

Note that such a 6 : W — A* factors through W& — A*, and W¥ = K* via art,
) K K
so we will sometimes think of ¢ as a character on K*.)

10.5 Properties of rank 1 modules

Proposition 10.5.1. Suppose X is a rigid space. Any rank 1 (,'x)-module M over
Rx(mk) is of the form

Z(0) = Z ®oy Rx(mk)(0)
where 6 : K* — Rx(mx)* is a continuous character and £ = HJ_ (M(0~")) is a line
bundle. This ¢ is uniquely determined.

We have
D:, (Ra(mr)(0) = A® K

sen

where ©,,.,, can be written as follows. Our continuous character § : K* — A* is automati-
cally locally analytic, so we can differentiate it to get dd : K’ — A, which is Q,-linear. Since
tr is nondegenerate on K, we have

(dd) () = trg g, (add)

for some d0 € A® K. Then Oy, corresponds to —dd. For example, if L/Q, is finite and
sufficiently large (containing all embeddings of K into the algebraic closure of L), then we
can write

dd = Z(d5)7-7' K — L
where (dd), € L, and
HTS (R (mk)(0)) = {—(dd)}.

We will sometimes write (dd), = —wt.(J).

If L/Q, is finite, then Ra(7g)(d) is de Rham if and only if HT'S;(Ra(7k)()) C Z (this
is special to 1-dimensional representations), which is true if and only if there is an open
Uc K* and m, € Z for all 7 : K < L such that

5|U: H T
KL

(This is like our earlier analysis of Galois characters but we are no longer required to send
the uniformizer to a p-adic unit.) In this case,

Rp(mx)(6) = My, (L (5 1T 7m7> )

where by L (0[] 7™7) we mean L with the action of § [[ 77", considered as a WD rep
filtered such that gr! # (0) if and only if i = m,.
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11 February 18: cohomology, triangulations, and char-
acter varieties.

11.1 Cohomology of rank 1 (¢,I')-modules

We were looking at rank 1 (¢, 'x)-modules over Ra(7k). We saw that locally on A, these
are the same as continuous characters ¢ : KX (= W) — A*; globally they could be twisted
by a line bundle on A. We saw that Ra(mx)(d) corresponds to a Galois representation if
and only if 4 has a continuous extension to the Galois group, i.e. (5(wK), where @y is a
uniformizer, has all eigenvalues units. In this case Ra(7mx)(0) = M,;4(A(0)) where § is the
unique continuous extension of § to G% > W (note W is dense in G%).

0 is automatically locally analytic, and HTS numbers correspond to the derivative of §
at 1.

Proposition 11.1.1. Let L/Q, be a finite extension, sufficiently large to contain all images
of T: K — L. Let § : K* — L* be a continuous character.

1. H), (Rp(mg)(0)) = (0) unless 6 = [] .o,z 7™ for some m, € Zxo. In this ex-

ceptional case, H) = LT[.t7", where t; € Ry(mk) are certain elements such that

Tt

(t;) is well- deﬁned and (I, t-) = (t). (Note that if Rp(mk)(6) corresponds to a Galois
representation, then we know H° = 0 unless ¢ is trivial, and on the other hand we can
only have § =[], je,z 7™ if the m;s are all 0, so this checks out.)

2. H? ., (Rp(mk)(0)) = (0) unless 6 = |-|g [1, 7™ for somem, € Zsq. In this exceptional

case, it is isomorphic to L.

3. dimy H), A/K(RL(WK)(5)) = [K: Qp+dim H) +dim HZ_  (this is the Euler formula;
(K : Q)] is really multiplied by the rank of the (90, I)- module which is 1).

Recall that H) (M) = Hom(RL(nx), M).

Corollary 11.1.2. Hom(Rp(7x)(0), Rp(7x)(8") = Hom(Rp(mk), Rp(mx)(8'671)) = (0)
unless 6 = ' [[_ 7™ for m, € Z>q. In this case, it equals L(multiplication by [[_t7').

In particular, (¢, ')-modules do not form an abelian category—there can be nontrivial
homomorphisms between non-isomorphic rank 1 objects.

Lemma 11.1.3. H(R,(7x)(6)) = (0) unless 6 = [[ 7™ for m, € Zxq, in which case it is
1somorphic to L.

Proof. We know that H(Rp(7x)(6)) # (0) if and only if § = []7~™ . What we need to

prove is that in that case it is at most one-dimensional, i.e.

We have an exact sequence

0— RL(WK) M) RL(ﬂ'K) (H T_mT> — RL(WK) <H T_mT> /HtTT — 0.

T T
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Applying H gives

0—L—H <RL(7TK) (H T—mf>> — H (RL(WK) (H T—mf> /Htﬁ“) .

T

So we want to prove that

a (RL(W (H Tmf) /1Tt Ru(rx) (H Tm>> = (0).

T

But this equals
i (Ht;mTRL(ﬂK) /RL(WK)) < H (t™ Ry (nx)/Ru(rx))
for m > max(m,). For n > 0, we can Taylor expand this to get an embedding into

U (Eﬁm<L & Kn)[[ﬂ]/(L ® Kn)[[ﬂ])ker(y_l)r

r

for v such that (Gal(Kw/K,) =)', = (7) (we lose the information about being in ker(¢—1)"
in the Taylor expansion, but that’s okay; we could choose v to generate all of I'x, but then
it would also act on K, which would be annoying, and it’s enough to get that this is already
0 for v generating a smaller subgroup). We claim this is 0, because an element of

(L@ K,)[1]

can be written as

Zﬁag_a '_>(’Y—1)T Zﬂa(ep("}/)_a . 1)7"{—(1
a=1 a=1

which is clearly injective since —a is never 0. ]

11.2 Triangulations

Definition 11.2.1. Suppose M is a (¢, ['x)-module over Ry(mk) of rank n. Let § =
(01,...,0,) be continuous characters K* — A*. By a triangulation of M with param-
eter J, we mean an increasing filtration Fil, of M by sub-(¢, 'k )-modules (which are in
particular projective) such that Fily M = (0), Fil, M = M, and gr; M = Z,(9;) where .Z is
a locally free A-module of rank 1. We call such an M trianguline with parameter 9.

We call such an M strictly trianguline with parameter ¢ if it is trianguline with triangu-
lation Fil, and for all 4, HY _ ((M/Fil; M)(6;}5)) is locally free of rank 1 over A. (That is,
not only is the filtration unique, but at each step of the filtration, there is only one way to
take the next step, even allowing the possibility of getting stuck in later steps.)

The following theorem says that triangulations can be sort of globally interpolated,
though with various errors.
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Theorem 11.2.2. Suppose X is an integral rigid space, that éy,...,6, : K* — Ox(X)*, and
that M is a rank n (@, 'k)-module over X. Suppose also Z C X is a Zariski dense subset
such that for all z € Z, the Ry)(mk)-module M, is strictly trianguline with parameters
(012, .--,0n2). Then there is f : X' — X proper and birational, with X' again integral
(so you “might have to blow up X a bit”), and a filtration Fily on f*M by (¢, k)-stable
coherent Ry (my)-submodules (which might not be projective, so Fil; f*M may not actually
be a (¢, 'x)-module), such that

1.Y ={y € X' | (f*M), is not strictly trianguline with parameter (81,,...,0ny)} is
Zariski closed and disjoint from f~1Z.

2. gr, f*M might not be Z;(0;), as we would like, but we do have gr; f*M — Z;(6;) for
some line bundle £;/X'. Furthermore, the cokernel is supported on Y and locally on
X' Killed by some power of t (if X' is not quasicompact maybe there is not a power that
works everywhere).

Remark 5. By Zariski dense in a rigid space, we mean that there exists an admissible affinoid
covering of the space by Sp(4;) such that Z N Sp(A4;) is Zariski dense, in the sense that any
a € A; vanishing on all of Z is automatically 0. This does not imply that Z is Zariski dense
upon intersection with any affinoid. For example, Z = {z € Ala, 1] | |z| > 1/p} C A0, 1] is
Zariski dense using the admissible affinoid covering {A[0, 1]} (in particular, it has infinitely
many points), but Z has empty intersection with the affinoid A[0,1/p]. This is different
from what we’re used to in standard algebraic geometry.

Corollary 11.2.3. Keep the notation from Theorem |11.2.2. Then for all x € X, there are
continuous characters 6; , - K* — k(z)* such that

1. M, is trianguline with parameter (9 ,).
2. 5£,w =iz HT:K%@ T with m, € Z.

Proof. Replace X by X’ (if the statement is true for a preimage of x € X then it’s also true
for x) and then by Sp(A) C X' containing x such that .Zj|spa) is free. We are given Fil; M
and gr; M — R(mx)(d;). The cokernel C; is killed by some ¢V for all i. We have a long exact
sequence
0 — Tors (C, k(z)) = Tor{(gr; M, k(x)) — (0) — Tor{(C, k(z))
— (gr; M) @ k(x) = Ry (0iz) = C; @ k(x) = 0
where the (0) in the third term is because Ra(mg)(d;) is flat over A. Here C; ® k(x),
Tor(C;, k(z)), and Tors (Cy, k(x)) = Torf(gr; M, k(z)) are killed by ¢V, so the kernel and
cokernel of
(gr; M) @ k() = Ria) (7 ) (95.0)
is killed by ¢V, so the Ry, (mx)-torsion submodule ((gr; M) ® k(z))"" is killed by V. Next
look at
0—Fil,_ M —Fil;, M —gr, M —0

and again take the associated long exact

Tord (gr; M, k(z)) = (Fil_; M) ® k(x) — (Fil; M) ® k(z) — (gr; M) ® k(z) = 0
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in which Tor{(gr; M, k(z)) = Tory (Cy, k(x)) and the torsion inside (gr; M) ® k(x) are killed
by tV.

Define Fil;(M ® k(x)) to be the saturation of the image of Fil;(M) ® k(x) — M ® k(z).
Suppose we have something in Fil;(M) ® k(z) and some multiple of it by a power of t lies
in im((Fil;_; M) ® k(z)). Then it would be torsion in (gr; M) ® k(x), hence t times it
would be 0, hence ¢V times it would be in im((Fil;_; M) ® k(z)). That is, for anything in
the saturation of im((Fil;_; M) ® k(z)), t times it is in im((Fil;_; M) @ k(x)). Continuing
by reverse induction on 7, we conclude that

N Fil(M @ k(z)) C im ((Fil; M) @ k(z) — M) .

Similarly, ker ((Fil; M) ® k(z) — (Fil;y1 M) ® k(z)) is killed by ¢V, and continuing with i +
1,14 2, etc.,
ker ((Fil; M) ® k(x) — Fil;(M ® k(x)))

is killed by tV™=9. So if m € M, by the first containment ¢~V m can be lifted to (Fil; M)®
k(x), say to m, which by the second assertion is unique up to torsion. The image m’ of m in
Ry(2) (75 )(9;) is independent of the choice of m because the latter is torsion-free. Dividing
by t"=9N we get a map

Fily(M @ k(x)) — "N Ry (1) (65)
m — tIN
This induces an embedding

gui (M ® k(z)) =t Ry (1) (83).

(Proof: if you have m € Fil;_; (M ®k(x)), then t™=+DNm can be lifted to tVm € (Fil;_; M)®
k(x), so the image m' of m in Ry (7x)(6;) is 0. On the other hand if m € Fil;(M ®k(x)) has
image 0, then its lifting in (Fil; M) ® k(z) is in the image of (Fil;_; M) ® k(x), so t" ) Vm is
in the image of Fil;_; (M) ® k(z), so m is in the saturation of the image of Fil;,_1 (M) ® k(x),
so is in Fil;_1(M ® k(z)).) We conclude that

gti(M ® k(z)) = R (k) (51' Hrmf)

for some m; € Z<(,—in, by the classification of rank 1 (¢, 'k )-modules over fields. O

In summary, we start with a family that is strictly trianguline in a Zariski dense set of
places, then are able to find a filtration that makes it strictly trianguline almost everywhere,
and at the few exceptional places, you can be off by a finite amount measured by a power
of t, so that you still end up trianguline but the characters can jump. The theory of the
eigencurve is about families of trianguline representations in this sense. So now we want to
look at the possible characters d;.
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11.3 Character varieties

Suppose H is a commutative p-adic Lie group, e.g. K*, such that there exists a compact
open subgroup U C H with H/U finitely generated. We discussed the following in [11].

1. if A is affinoid and § : H — A is a continuous character, then ¢ is locally analytic.

2. there is a smooth, quasi-Stein rigid space ¢’ (H) and a universal continuous character
6 : H = Oygmy(€(H))* such that if X is any rigid space and € : H — Ox(X)* is a
continuous character, there is a unique map f : X — €(H) such that f*(J) =e.

Actually such an H is of the form H = H!" x Zg x Z¢, where H'"" is finite. For example
K* = p(K) x 2% x 7,

where the last term comes from the uniformizer. We have ¢ (H; x Hy) = € (H,) x € (H,),
so we can describe all ¢’ (H)s using that

o ¢(Z) =Gy =limy SpQ,(p"T,p"T~") with 6(1) =T,
e €(Zy) = Al0,1) with §(1) =1+ T and 6(2) = (1 + T)* = > 7, (¥)T", and
o for A finite, ¥ (A) = Sp Q,[A] with §(x) = x.

We will be especially interested in characters of (K*)". Let €k, = €((K*)"). By
restriction, we get a map

Crn— C(OF)") = Wkn

(called “weight space”). Also in @, we have the (Zariski open) regular locus %% of

characters dy, ..., d, such that for i < j (note the order), d;/d; is not of the form [[ .., 7™
: P

for m, € ZZO'

Remark 6. If M is trianguline WRT ¢ € €%, (L), then M is strictly trianguline WRT 4.

Proof. We will prove by reverse induction on j > i that HS_ ((M/Fil; M)(5;.})) = (0).

This is true if j = n, because M/ Fil, M = (0). In general, we have an exact sequence
0—grjy, M — M/Fily; M — M/Filj;; M — 0
where we know gr;,; M = Rp(mk)(6;41). The long exact sequence after twisting by &;41 is

0= Hy, (Ri(mi)(041/0i01) = Ho, (M) Fil; M)(6534)) — Hy o (M) Filjy M)(6:,5)).

PYK PVYK PVYK

The first term is (0) if 7 > ¢ by the regularity assumption, and the last is 0 by the inductive
hypothesis, so the middle term is also 0.
Now setting j = ¢, the long exact sequence is

0— HY.  (Rp(rg)) — Ho. ((M/Fil; M)(6:3Y)) — (0)

PVYK PVYK

where the last term is 0 by the previous claim. We know the first term is L, so we’re done. [J

Next time, in the case of rank 2 and base field QQ,,, we’ll explicitly characterize the two-
dimensional trianguline representations, and see that the character jumps actually happen
in natural families.
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12 February 23: 2d triangulines and deformations of
triangulines.

Recall that if A is an affinoid Q,-algebra and M/R4(7k) is a (¢, I'x)-module of rank n, and
d=(01,...,0,) : K* — A* is continuous, we say that M is trianguline with parameter §
if there is a filtration Fil; M by sub-(p, 'k )-modules with Fily M = (0), Fil, M = M, and
gr, M = Ra(mk)(;). We say that M is strictly trianguline if given Fil; there is a unique
choice for Fil;;; for all i (expressed as the vanishing of some H?).

To describe families of such things, we want to describe families of §;s, so we defined the
rigid spaces €k, = € ((K*)") = Win = €((Ox)™), the second called weight space. We also
defined the regular locus €, C €k, of (d1,...,d,) where for i < j, ;/6; is not of the form
IL e ™™ with m, € Z>o. We saw that if M is trianguline with a regular parameter ¢,
then M is strictly trianguline.

12.1 2d trianguline representations

Example 12.1.1. Let K = Q, and rank M = 2, p > 2. What are the possible (d;,02) :
Q, — A*? We have

QX =p" X pp-1 x (1+ pZy)
SO
C(Q) x Q) = (G x ji,01 x A°)?

where A® = A0, 1) is the open unit disc. A given § : Q, — A*is determined by p — u € A%,
Yy — A% and 14+ p — 1+ 2z with |z| < 1. We will thus refer to it by (u, v, z). We
write

v(0) = val,(0(p)) = val,(u)

for the “slope” of 9, and
log(1 + 2)

log(1+p)

Consider the locus in ¢'(Q, x Q,) consisting of the following two parts.

wt(0) =

A. v(dy) +v(d2) =0, v(d;) > 0, and M non-split. We have calculated H' of the ratio of
these things, so we can classify non-split extensions

0— 0 = M — 09 — 0.

over this locus. Usually it is unique, but in some cases the Ext! is 2-dimensional, giving
a P! of possible extensions (since the extension depends only on the choice of line). We
are going to blow up at those points (this can be made rigorous for rigid spaces but
we won’t), that is, blow up with exceptional divisor P! when §; = &5 or 6; = | - [, 750,
for k € Z>,, where 7 : Q, — A is the natural map.

B. the split locus where v(d;) = v(d2) = 0 and M = 6; & .
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A specializes to B in some “funny stacky way”, but we will just treat them separately
for simplicity.

This locus includes all M such that M is Galois, i.e. equal to M,;,(V) for some Galois
representation V. (There is a criterion for when something can be Galois using slopes, which
we have not described, and which approximately translates to the above conditions.) In fact
it is the Zariski closure of those M such that M is Galois. This is the locus that interests
us, since we're really interested in Galois representations, not all (¢, I')-modules.

M is a twist of M,;,(D) for a filtered WD rep D if and only if in case A, wt(d2) —wt(d;) €
Z~g, or in case B, wt(dy) —wt(d;) € Z. (This is because the difference in weights comes from
the jump in the filtration of D, which has integer steps.)

When is D admissible? TFAE:

1. M is a twist (tensored by a 1-dimensional object—the interesting phenomena here
don’t really depend on twists by characters, so it’s more natural just to work up to
twists) of M,;,(D) with D an admissible filtered WD rep.

2. M is a twist of M,;,(V') for V' a de Rham Galois representation.

3. M is a twist both of M,;,(D) and M,;,(V) for V a Galois representation and D a
filtered WD rep. (We already saw the equivalence of these first three things before.)

4. In case A, the difference wt(dy) — wt(d;), which we know must be > 0, is in fact >
v(01) > 0 (this comes out of the admissibility condition). In case B, wt(dy) —wt(d;) € Z.

These are the de Rham representations sitting inside the ones coming from filtered mod-
ules. What are the possible filtrations? The image of M,.;, of filtered WD reps is closed under
subobjects, so in this case, filtrations (triangulations) on M are the same as filtrations on D
(respecting the WD rep). If the WD rep is irreducible, there are none, but then M can’t be
trianguline, so that doesn’t happen. Otherwise the WD rep is the sum of two characters, or
it has nontrivial N. So there are

e 2 filtrations in the potentially crystalline case (coming from the choice of one of the
characters), and

e 1 in the potentially semistable but not potentially crystalline case (the only possible
sub is ker(/N)), unless

e it is potentially crystalline with equal characters, in which case there are co or 1
depending on how you count (you can choose the submodule however you want, but
they’re all the same).

Which M are Galois? TFAE:
1. M is not a twist of Galois (i.e. twist of M,;,(V') for V a Galois rep).

2. M = M,;,(D) with D not admissible. (So you can cover the whole space by either
things that are Galois or things that come from filtered WD reps! This is probably a
coincidence, though.)
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3. v(d1) > wt(dy) — wt(d1) = k € Z~p in case A. (This doesn’t happen in case B.)

If you put a family of Galois representations over this space, what is the specialization
of the (¢,I')-module at these bad points? It can’t specialize to the (¢, I')-module we were
“expecting” from the Galois representation. This is consistent with what we said about
how if you have a family of trianguline (¢, I')-modules, but on the exceptional locus it
can be trianguline with different parameters from the ones you expect. In particular, the
specialization of the (¢, I')-module should be

0— 67 "= M — 6,7 =0

for 7 : Q, — L. So the phenomenon of jumping parameters we discussed last time occurs
naturally. This is the same (¢, I')-module you would find at (§;77%, do7%, M").

So our family .7 of trianguline (¢, I')-modules maps to Galois representations, taking the
corresponding Galois representation at most points. The fibers are singletons except in the
following cases.

1. We saw that in the potentially crystalline case, there are two filtrations which will
correspond to two things giving the same Galois representation. This happens in case
A, where if k = wt(dy) — wt(d1) > v(d1) > 0 € Z~o and M is potentially crystalline,
the triangulations

(51,52,0-) (51 - M — 62 — 0)

((527'k7 517'_k, M)
both map to M (if one of these is in case A then the other is too).

2. The non-Galois case we already discussed. This happens in case A, where if v(d;) >
k = wt(dy) — wt(01) € Zy, the triangulations

(51,52,0-)517_k—)M—)62Tk—>0>

(517'_k, 527’k, M)

pair with the ones that are

3. still in case A, but have wt(dy) — wt(d;) = k € Z o and look like
(01,02,0 = 61 = M — 55 — 0)
(6177, 87, M).
4. In case B, if 1 # s, clearly (01, 02,1 @ d2) and (g, 01,01 @ d2) have the same image.

(Richard hasn’t seen anything explicit like this worked out in greater generality, though
with more work it should be possible.)
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12.2 Deformations of trianguline representations

Let L/Q, be a finite extension, and Art; the category of artinian local L-algebras with
residue field L. (In particular they are affinoid algebras.) Let r : Gx — GL,(L) be such
that M,;,(r) is trianguline with parameters d, ..., ¢, (and triangulation Fil;) for éy,...,d, :
K* — L* continuous. (We will just say that r is trianguline with parameters 6y, ..., d,.)

Definition 12.2.1. By a lifting 7 of r to A we mean a continuous 7 : Gx — GL,(A) with
7 (mod my) = r. We say that 7 ~ 7 are equivalent if there is g € id,, + M, x,(m4) with
7= grg L. s

By a lifting (7,9, Fil;) of (r, 4, Fil;) to A we mean

1. a lifting 7 of r,
2. liftings 8; : K% — A* of 6; : K* — L* for all 4, and
3. a triangulation Fil; of M,q,(7) lifting Fil,
with equivalence ~ defined in the same way (there is a matrix g that takes 7 to 7 and also
—~ —~
each Fil; to Fil,).
Lemma 12.2.2. If § € €, is reqular, and (7, SZ,P/’VHZ) and (7, 0] Fll) lift (r,0;, Fil;), then

Proof. Because ¢ is regular, we have Hom(R(7x)(0;), Rr(7mk)(6;)) = (0) if j > 4.

Now we make a devissage argument to show that Hom(R4(7x) Z),RA(WK)(SD) = (0)
for j > i. Specifically, we induct on the length of A. Choose (0) C I C A where the length
of I'is 1. Look at

0— RA(’H'K)(SJ) Qa1 — RA(TI'K)(S;) — RA/[(TFK)(g;) — 0.
We have Ra(mx)(0;) @4 I = Ry (mk)(5;), giving the left exact

0 — Hom(Ra(mx) (), Ry (i) (6;)) — Hom(Ra () (8:), Ra(mie ) (8))
— Hom(Ra(mx )(8;), Rayr(mi)(5))).

To show that the middle term is 0, it suffices to prove that the exterior terms are 0. Con-
tinuing with I D I’ D A we see that it suffices to prove that

Hom(Ra(mx)(6:), Re (k) (65)) = 0.
Now repeat: we have
0 — Ry(mx)(8;) = Ra(mg)(6;) — RA/[<7TK)(Si) —0
giving the long exact

0 — Hom(Rayr(mx)(0:), R () (6;)) = Hom(Ra(mx)(0:), R (7 )(6;))
— Hom(Rp(mk)(0:), Ri(mrk)(55))
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and continuing with I C I’ C A, we see it suffices to prove that
Hom (R (k) (8:), Re (7 ) () = (0)

which we already know. By a similar devissage,
~ —/ ~
Homu (Ra(7)(6:), Myig(7)/Fil;_y Myig (7)) = Homa(Ra(mx ) (0:), 8 Mrig(F)).

This is because gr;M,;,(7) is a sub in Mrig(f)/:/p\i/];_erig(f>, so writing out the resulting
exact sequence, we conclude it suffices to prove that
~ -~/
Homa(Ra(mx)(0:), Myig(7) /Fil; Myig (7)) = (0)
and then in fact that

Hom(Ra(m)(0:), 81 Myig(7)) = (0)

for j > i, but gr’M,,(7) = RA(WK)((%) so this is true. (The principle is that there is no
interaction between things with d; and things with §; for j > i—the homomorphisms over L
vanish and then any deformation also vanishes, and this is what people call devissage.)

Now argue by induction on i that ¢; = 5; and Fil; = ﬁl; Suppose it is true for i — 1. We
have ) N
Hom(Ra(7)(0:), Myig(r) /Fili_y Myig(r))

—~ —~
where we know Fil,_; = Fil,_, by the inductive hypothesis. We know from previously that

this equals 3 3
Hom(Ra(7k)(6i), Ra(mk)(d:)) = A

but also that it equals

Hom(Ra(7k)(8;), 815 M,ig(7))

from which we conclude that gr;M,;,(7) C gr;M,;4(T) in M,;4(7)/ Fil;_; M,;,(7). By symme-
try, 3 R
Ra(7i)(01) = &1 Myig(7) = griMyig(F) = Ra(mx)(0)

s0 0; = &/, and Fil; = F/‘\l/l; O

Continue to assume that § € €77 and that r is trianguline with parameter . Let 7 be
a lift of » to A. Let

I ={ICA|(A/I,7 (mod I)) is trianguline lifting (r,9)}.
1. If 1, I, € ., then I; NI, € .. Proof: by the Chinese Remainder Theorem,
A/]l N ]2 = A/Il XA/(II+12) A/IQ

—~1 —~2
By our previous lemma, Fil, (mod I + Iy) = Fil, (mod I; + I5). So we can define a
filtration

~ 1 2
Fﬂ. = Fﬂ. X A/(I+12) Fﬂ.
= 51 x 32
since 62 (mod I, + I;) = 6! (mod I + I).
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2. If {I;} form a nested set of ideals in .# then ((I; € #. (This is easy—just use
uniqueness. )

3. By Zorn’s lemma, .# has a minimal element I. Furthermore, it is globally minimal:
ifl € #then INIye #,s0olNIy= 1y, sol DI, That is, thereis Iy € .# such that
I ={1CA|IDI}

To make trianguline representations behave nicely, there’s one more thing we want.

Lemma 12.2.3. Suppose A — B in Arty and M/Rx(7k) is a (@,['k)-module. Suppose
M ®4 B is trianguline with parameter éfmd 0 (mod mg) is reqular. Then §; is valued in
A* and M is trianguline with parameter §.

We'll prove this next time, but here’s a consequence: suppose r : Gx — GL,(L') is
trianguline with regular parameter §. Suppose also that 7 lifts » to A € Art;. Then there
is a unique ideal Iy C A such that if f : A — B in Arty, then f(7) is trianguline with
parameter lifting 0 if and only if ker f D Iy. (This is saying that in the regular case, the
deformation problem for trianguline representations is a closed sub-problem of all liftings of

r.)

12.3 Tangent space and general comments

Consider the space D,(L[e|/(¢?)) of deformations (equivalence classes of liftings) of r to
Lle]/(€%). If there were a universal deformation, this would measure the tangent space to
that. It is a well-known calculation that this is H}, (Gg,adr), with [¢] € HL, (Gk,adr)
corresponding to (1 + ep)r.

Inside this space we have the (closed) subset (if r is trianguline with regular parameter
0) D ril, (L[e]/(€%)), which corresponds inside H} (G k,adr) to the subset Hy ;(Gg,adr).
Actually this is a subspace. Proof: if (14 e@)r and (14 eg’)r are trianguline, then (1 + e+
€20’ )1 is trianguline over Llei, €5]/(deg2) = Llei]/(€2) X1 Lles]/(€2). Take the map of rings
from Lley, €5]/(deg2) to Lle]/(€*) given by €; > €, €5 = A¢; then we see that (1+e(p+ A ¢'))r
is trianguline.

The moduli space of trianguline representations lives over all of weight space, so the HT
numbers have no particular reason to be rational integers, and you can have large continuous
families of them. This is not the case for e.g. de Rham representations, for which a p-adic
family of them would have to have fixed HT numbers.

When are Galois representations trianguline? If I have a (¢, I')-module that comes from
some WD rep, then submodules of the (¢, ')-module are in 1-1 correspondence with sub-
modules of the WD rep, so you can completely see the triangulation on that side. Trianguline
means filtered by 1-dimensional (p, I')-modules, so you have to be able to filter the WD rep
by 1-dimensional things, so it becomes crystalline over an abelian extension. So if you have
a 2-dimensional irreducible piece of the WD rep, then there’s no hope of it being trianguline.
For example, if you have a modular form that’s supercuspidal at p, then the corresponding
Galois representation wouldn’t be trianguline.

What does 6 mean in the case of GLy? After fixing the central character or otherwise
removing one variable by twisting, you just get one character ¢ that’s important. This ¢
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comes from the weight, the nebentypus, and the eigenvalue of U,. That is, you can read
off the ¢ from the information of the modular form. Note that if you have a form of level
prime to p, then go to I'y(p), there are two possible U,-eigenvalues corresponding to the two
roots of the Hecke polynomial. This exactly corresponds to the fact that the same Galois
representation has two triangulations. So you see both of them in the trianguline space, and
the Hecke operators away from p are the same but the Hecke operator at p is different. If
you pick a particular U,-eigenvalue that’s like fixing a triangulation.

13 February 25: more trianguline deformations.

13.1 Recap

Last time, we had a finite extension L/Q,, along with the finite extension K/Q, as usual, and
a representation r : Gx — G L, (L) which we assumed was trianguline of regular parameter
0 € Gy (L), so § consists of continuous characters (1, . ..,d,) : K* — L* such that if i < j
then 6;/0; # [[,. .,z 7" for m; € Z>,. We saw that there exists a unique filtration Fil; of
M, ;4(r) such that gr; M,;,(r) = Rp(mk)(9;).

Next we considered an artinian algebra A € Art; and wanted to know whether a lift
7Gx — GL,(A) of r would be trianguline. We showed that there was a unique ideal I, C A
such that 7 (mod Ij) is trianguline with parameters o1, ...,0, where &; lifts &; (note we're
not fixing 0; at the beginning), and such that if 7 (mod I) is trianguline with parameters
lifting 9; then I D Iy. In this case b1,...,0, and IETL are uniquely determined. (That is, “if
you can deform the triangulation then it deforms uniquely, and the triangulation deforming
is a closed condition on the space of Galois representations”.)

The following statement about changing the algebra A was a corollary of a lemma we
stated but didn’t prove.

Corollary 13.1.1. If f : A — B in Arty, and 7 : Gx — GL,(A) lifts r : Gx — GL,(L)
which s trianguline with parameter § € CKEZ(L), and if T @4 B is trianguline with parameter
lifting &, then T is already trianguline with parameter lifting 8. That is, f(T) is trianguline
if and only if ker f D Ij.

This followed from the following lemma.

Lemma 13.1.2. Let f: A — B in Art, and M be a (¢, 'k )-module over Ra(ry). Let Fil,
be a triangulation of M ®4 B with parameter (0;) for 6; : K* — B* and suppose (§; = 0;
(mod mp)) is regular.

Then 6, is valued in A* and there is Ra(mi)(0;) = M with saturated image over Ry (mg)
such that Rx(mx)(6;) ®4 B = Fily(M ®4 B).

That is, the first step in the filtration is already defined over A, and then for the corollary
you just mod out by that and keep going.
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13.2 Proof of the lemma

Proof of Lemma[13.1.3. WLOG ¢; = 1, because we can lift it to a map to A* somehow and
tensor everything by the inverse of that lifting, giving a new set of characters with the same
properties.

First we claim that if X is a finite-length A-module then

dimy, H(M @4 X) < (dimg, X)[Keo : Q).

Proof by devissage. Filter X by A-submodules such that each graded piece is isomorphic to
L as an A-module. Since M is free over A, given X' C X, the exact sequence

00X ->X—>X/X"—>0
gives another exact sequence
0> MRINX > MyX > Mo, X/ X' =0
and hence, applying H,
0= HM®sX') = HM®,X) = HM o, X/X).

Argue by induction on the length of X: if we know the first and third terms satisfy the given
bound then the second does too. So WLOG X = L.

Now note that M ®4 B is free over Rp(mx) with basis e; such that Fil; = (e,...,¢;);
consequently mod mp, M/m M = (M ®4B)/mp(M®4B) has a filtration Fil; = (ey, ..., e;)
such that gr,M/maM = Rp(mk)(d;). That is, M/m4M is trianguline with parameter (¢;),
because it’s something trianguline reduced (mod mp).

Now we devissage again. We have M ®4 L = M/myM, and we use the filtration on
M/my M. We know that

0 1 >1

H(Ry(rk)(8;)) = {L@K 0 i=1

by regularity, so we're done.
We next claim that we have an embedding

B ®q, Kwo = H(Rp()(01))
1—1.

That is, we need to check that 1 € Rg(mx)(0;) is killed by (¢ —
N. But we know that (¢ — 1) and (y — 1) kill 1 € Ry (7wg)(d
we find that (o — 1)7 and (y — 1)7 will take 1 to m%Rp (7 )(
of B gives the claim.

Now we have H(Rg(mx)(01)) € H(M ®4 B). But then

DN and (y — 1)" for some
| = 1), so if we filter B by m3p,
d1). So setting N to the length

B ®qg, Kep = H(M ®, B)
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(because we know that dim;, H(M ®4 B) < (dimg, B)[Kp : Q] but dim; B ®q, Ko =
(dimg, B)[Ks, : Qp)). Therefore

H(M ®4 B) ®Bgq, ko Re(1x) = Fil (M @4 B)

(because H(Rg(mx)(dy)) is the first filtered piece. This is why we introduced H—because in
a situation like this it picks out the smallest filtered piece.) So now on B we have a way of
describing the first filtered piece without knowing what it was ahead of time, and now we’re
going to hope that H has the same effect on M originally.

Now consider 0 - A — B — B/A — 0. Take ® 4 M to get

0— H(M)— HM ®4B) — HM ©4 (B/A))

where we know the middle term is B ®q, K0 and the last term has dimy bounded above
by (dimy, B/A)[Kwp : Qp]. Subtracting gives

dimL H(M) Z dlmL A[KOO,O : @p]

but we already know the inequality in the other direction, so actually this is an equality (and
the last map is a surjection but we don’t need that). Next from

0—maM — M — M/maM — 0,

we get
° 0— H(maM) — H(M) — H(M/m,M)

where now we know dim; H(M) = dim; A[Ky : Q,)), H(M/myM) = L ®q, K, and
dim; H (maM) < dimy my[Kwo : Q). From this we see again that the inequality is an
equality and that H(M) — H(M/mM).

Choose v € H(M) that goes to a generator 1 of H(M/msM) over L @ K. We claim
that v generates H(M).

We know M is free over A® K, o because it’s free over R4 (mx ) which is free over A® K o.
Say it has basis {e;}. Write v =) A\e;. Write L ® Ko =[] L;. Then for all j there is i(j)

such that \;;) — (a nonzero element of L;), i.e. Aijy € (A® L;j)*. Therefore

A®q, Kep — H(M)

a — av

is an injection, because A ®q, Ko = Hj A ®r Lj, so we can check it’s an injection after
projection onto each L; component, and there it’s an injection because the coefficient of e;;
is a unit in A*. But both sides have dimension dimy A[Kw : Q] so it is an isomorphism.

Okay, now look at H(M)®4 B — H(M ® B). This is an isomorphism (mod mg), hence
surjective by Nakayama, hence an isomorphism because the dimy, of both sides is equal. So
then in

H(M) ® gk o Ra(mi) = H(M) @ask., o Ro(T)
by that isomorphism, the target is

= H(M ® B) ®pek.., Rp(rx) =Fili(M® B) C M ® B
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but the resulting map H (M) R A0k Ra(TK) — M ® B also factors as

H(M) ®aok.o Ra(rg) = M — M ® B

so H(M) ®@agk., Ra(mk) — M must be an injection. The source is free of rank 1 over
Ra(7k), so isomorphic to Ra(mg)(0]) for some &) : K* — A* such that

Rp(mic)(8) = Ra(mic)(81) ©a B = Rp(mic) (01).
Therefore 0} = 0; is valued in A%, and we have found R,(7x)(8}) C M such that
Ra(mx)(8}) ®4 B > Fil, (M © B)

which is what we wanted. O

13.3 De Rham deformations

Let r : Gg — GL,(L) be trianguline with regular parameter 9, i.e. M,;,(r) is trianguline
with parameter §. Recall that we were looking at the deformations Def,(L[e]/(¢?)), which
are in correspondence with H} (Gg,adr). Also Def,(L[e]/(€*)) contains Def, s .:(L[e]/(€?)),
which are in correspondence with ), 5(Gk,adr), which is a subspace of H),,(Gx,adr). We
have a natural map -

Defrsuri(Lle]/(€%)) = Defs(L[e]/(€*) = TsCkn = TsWin:
giving a map H, 5(Gx,adr) = Ts Wk .-

Lemma 13.3.1. Suppose in addition that r is de Rham and that for all T : K — L,
wt (61) < -+ < wt;(0,). (Note that this assumption implies that 0 is reqular. UPDATE:
sorry, this is false. We should assume in addition that ¢ is reqular.) This condition is
sometimes called 6 being “non-critical”. Then

ker(H,, 5(Gk,adr) = TsWi,) C Hy(Gg,adr) :=ker(H' (Gg,adr) — H' (Gk,adr®Byg)).
That is, H)(G,adr) parameterizes the (infinitesimal) de Rham deformations of r.

The point is that if r is de Rham and noncritical and we make an infinitesimal first-order
deformation of r that remains trianguline and such that the weights of the characters don’t
change, then it stays de Rham. “Trianguline deformations have two parameters, the weights
of the §;s and the de Rham direction, and those are the only two things we can do.”

Proof. Let [¢] € ker(H}, 5(Gk,adr) — T3#ky). Then (14 ep)r is trianguline with param-

eters 0; such that Sz|(9§ = (Si|o}><(. Each RL[g]/(GQ)(’ﬂ'K)<SZ‘) is de Rham and the weights are
increasing. But we have seen that extensions of de Rham representations where the weights
are increasing are de Rham, so (1 + ep)r is de Rham, so [p] € H,. O
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So it’s good to know when things are noncritical. Fortunately, in the de Rham situation,
we can think about it in terms of filtered WD reps instead of (¢, I')-modules.

Let r : Gx — GL,(L) be de Rham (and L sufficiently large). Then triangulations
of M,ig(1r) = M,ig(Dpst(1)) correspond to filtrations Fil, on WD(r) of WD reps such that
gr, WD(r) is 1-dimensional for i« = 1,...,n. So r is trianguline if and only if WD(r)*® =
X19D- - B xn. Assume for simplicity x; # x; for all i # j (though this isn’t strictly necessary).
Triangulations correspond to orderings of the characters y; such that for all i, y;1 & --- & v,
is a sub-WD-rep (invariant under N). If N = 0 there are n! triangulations.

What are the 9;s7 We need to change the y;s by powers of embeddings of K into L
determined by where the x;-eigenspaces sit with respect to the filtration. It turns out M,;,(r)
is trianguline with parameters 6; = x; [, 7", where HT,.(r) = {k,;1 < --+ < kr,}, unless

X1 @ - @ x; NFilfni+1 o£ (0).

The first thing is i-dimensional and the second thing is (n — i)-dimensional, and they’re in
an n-dimensional subspace, so this typically won’t happen. On the other hand it is always
the case that

X1 @ - @ xi NFil # (0)

since these have dimensions ¢ and n + 1 — 7. So generically the filtration on the ith graded
piece will see the k. ;-step but not the £, ;;-step.

In this case (when §; = x; [[. 7% for all i), we have wt.(d;) = k,;, and § is regular.
Why? For j > 4, we want to check whether

k.
XallT ™ [[7 z H Tm
T

X; [T7=h

for m; € Z>y, i.e.
2
XZ/X]_HT T 7,1 T,],
T

but the LHS has open kernel and the RHS can only have open kernel if it is trivial, so this
is only possible if m, + k;; — k;; = 0 for all 7 and x; = x;. But we assumed that y; # x;.

Also in this case wt,.(d;) < wt.(d2) < ---, i.e. § is noncritical, since we defined the k; ;s
to be in increasing order.

The trouble is if you're just handed a representation it’s very hard to know where the
filtration is. If you have an automorphic form giving rise to a Galois representation, you can
read off the characters y; and the HT numbers from the WD rep, but there’s no information
from the automorphic side that tells us where the filtration is. So it would be nice to have
some criterion that guarantees non-criticality.

If (x1@ - @ xq) NFil*i+1 =£ (0) for some 7, 7, choose the smallest 4 for which this fails.
We have (x1 @ -+ @ x;) C WD(r), which we know is admissible. So

up((X1, - - -+ Xi) (Froby)) > Z Z koj + (kriv1 — kry)

o j<i
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(the first sum is what we would expect in the generic case; if that fails, the submodule must
have a larger HT weight, giving the second term). Conversely, if

(X1 -+ Xa) (Froby)) < > kg + (ki — kri)

o j<i

for all ¢, 7, then M,;,(r) must be trianguline with regular and noncritical parameter §; =
Xi [ . 77%. This numerical criterion is much easier to verify than the conclusion, though
even if it fails the conclusion is likely to be true. (UPDATE: these expressions are slightly
off, see next lecture for correct version.)

Next time, we want to parametrize the general trianguline representation and understand
its geometry (the “trianguline variety”).

Philosophically, the trianguline condition is roughly a way to generalize the de Rham
condition to non-integral HT numbers—to vary the weight but keep the other properties.
It runs into the following problems. It doesn’t capture all de Rham representations, only
those that become semistable over an abelian extension, but that’s not so serious since you
could say “potentially trianguline”. It also adds a finite amount of extra information (the
ordering). Finally, it captures more than de Rham representations even at integers, but there
are additional criteria you can sometimes check to make them de Rham. In the situation
we looked at above you start with a noncritical de Rham point and deform it, keeping it
trianguline and keeping the HT numbers the same, and then it remains de Rham.

14 March 2: trianguline varieties.

14.1 Recap, corrections, and loose ends

We were looking at the rigid variety €, parametrizing characters § = (d1,...,9,) : K* —
-+, which maps to #k, parametrizing characters of (O;)". We called § € €k, regular if
for i < j, 6;/6; # [[.. g,z 7™ for m; € Z=o. We called § noncritical if wt,(d) € Z for all
7,1, and
th((Sl) < wt2(52) <0 < wt7(5n)

for all 7. It is false that this implies regularity, we said that last time but that was a mistake.
We call § numerically noncritical if wt,(6;) € Z for all 7,7 and

max{0,v,((01---0;)(p))} < wt;(d;41) — wt,(0;).

Obviously numerically noncritical implies noncritical.
If r: Gk — GL,(L) is de Rham and M,;,(r) is trianguline with parameter ¢ which is
regular and noncritical (we might have just said noncritical before, but we need both), then

ker(Hy, 5(Gr,adr) = Ts#kn) C Hy (G, adr)

where H,(G,adr) parametrizes de Rham deformations.
If r: Gk — GL,(L) is de Rham, we can directly define a triangulation of WD(r) to
be an increasing filtration Fil; on WD(r) by WD-submodules (not to be confused with the
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decreasing Hodge filtrations coming from the de Rham nature of r, which are not filtrations
of WD-submodules) such that Fily = (0), Fil, = W D(r), and gr; = L(y;) for some character
Xi : Wk — L* (equivalently by class field theory a character K* — L* that is smooth, i.e.
has open kernel). We say that r has parameter x = (x1,.-., Xn)-

Triangulations of W D(r) are in bijection with triangulations of M,,(r) (without speci-
fying how the characters match up).

We call x regular in the above setting if x; # x; for all 7 # j. Regular for a triangulation
of WD(r) implies regular for a triangulation of M,;4(r), but the converse is not true, because
0; differs from y; by a product of 7s to integer powers.

Let HT,(r) = {kr1 < -+- < k:n}. We call Fil, on W D(r) noncritical if it is in general
position with respect to the Hodge filtrations, that is, for all 7,4, we have k;; < k;;+1 and

Fil; N Filf+1 = (0).

Fil, W D(r) being noncritical implies that the corresponding triangulation of M,;,(r) is non-
critical and has parameter § with &; = x; [[. 7% (instead of the powers k,; being weirdly
permuted). (Conversely, if (M,;,(r),d) is a noncritical triangulation and wt,(d;) are all
different [for a fixed 7 but varying ], then the corresponding triangulation of WD(r) is
noncritical.)

In the noncritical case, x is regular if and only if § is regular.

We call (r, x) numerically noncritical if for all 7, i,

v(Oa e x)P) = DD ke < kripr — ki

T 358

Last time, we mistakenly put Froby instead of p in v((x1 - xi)(p)), i.e. a uniformizer of Ok,
but if we wanted to do that we should have multiplied by the ramification index of K/Q,.
Better just to put p. This implies that (r, x) is noncritical, and is equivalent to (M,,(r), )
being numerically noncritical. B

14.2 Local Galois deformations

Fix L/Q, finite, O = Ok, O /X =F (a finite field of characteristic p), and 7 : Gx — GL,,(F)
absolutely irreducible. (We are actually going to need to know what to do when it’s reducible,
but we’ll discuss that later; the irreducible case is more intuitive.) There is a universal lifting

Tuniv . GK N GLn(Runiv)7

specifically the universal deformation to a complete noetherian local O-algebra with residue
field F, meaning that

univ

and that given any r : Gx — GL,(R) where R is a complete noetherian local O-algebra
with residue field F, there is a unique f : R“* — R such that f(r*"") ~ r, meaning they
are conjugate by an element of ker(GL,,(R) — GL,(F)).
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The trianguline condition is optimized to work in rigid analytic families, but c.n.l.etc.
O-algebras R are fundamentally not rigid analytic objects (e.g. not affinoid algebras after
inverting p), so we will forget some information and just take the rigid analytic generic fiber

XFum'v — (Spf Runiv)an‘

(For example, the rigid generic fiber of a power series ring in one variable is a rigid analytic
open unit disc.) Points of X*"" are in bijection with maximal ideals of R“"*[1/p]. If
r € X we have (by general rigid geometry facts)

Ovnir, = R[],
the universal deformation ring for r, : G — GL,(R"""[1/p]/m,). So the completion of the
structure sheaf at a point has a Galois theoretic meaning. Pushing forward gives

Tumv . GK — GLn(ﬁX;jnw)

Now let’s find the trianguline locus. Inside X" x €57 define .77 to be the subset of
points (z,d) such that r, is trianguline with parameter ¢ (uniquely since 0 is regular). Let
7 be the Zariski closure of 77 in X" x € ,,. We call J the local trianguline variety.

Recall our general theorem about interpolating triangulations: there is a (“blow-up”) map
7.7 — F that is proper and birational such that 7* M., (r*"") has a unique filtration Fil;
by (¢, 'k)-stable R (mx)-submodules such that

LY = {y € T | (Fil; 7 M,y (r*"")), is not strictly trianguline with parameter Oy} 18
Zariski closed and disjoint from 7—1.77¢9,

2. there is a (p, I'g )-equivariant gr, 7 M, (r*™) — R(mk)(d;) ® %, where % is a line
bundle on .7, such that the cokernel is killed by a power of ¢t and supported on Y.

We will see that .
(T —7Y) N (X x m;;gn) =979,

Note that the LHS is Zariski open in .7, because 7 is proper and Y is closed, so 7Y is
closed, so J — mY is open, and also €}, is open in €k ,. Consequently 7" is not just
a set but a rigid analytic subspace. To get the equality, the D inclusion is clear because
T was defined as a subset of X x MY and we know 7Y’ is disjoint from it. For the

C inclusion, suppose given a point in the LHS. Then its preimage in 7 is not in Y, so the
M4 of the preimage will have a triangulation with the correct parameters, so the associated
Galois representation r will be in 77,

Now for the tangent space, or even the entire formal completion.

Proposition 14.2.1. We have a surjection

UNLY A
retr,d 7 Y gres (2,0))

where the source is the universal deformation ring for deformations of r, which are triangu-
line with parameter deforming 0. (Richard strongly suspects this is an isomorphism.)
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What is Ri™ 5?7 We have discussed the relative representability of trianguline deforma-
tions of r, with parameter deforming ¢ over artinian rings, so those give quotients of the
universal deformation ring, and passing to the limit gives you complete noetherian local

algebras, which is possible because we proved that tr,J is a closed condition.

Proof. Since 77 is locally closed in X" x €77 we have a surjection
A A
(Oxunivxigres ) ws) = Ores (2.0):
We also have a natural projection

(Oxunivxgres) (o) = Oy = BE[L/ply = Ry — R,
It suffices to show that if f € (ﬁXﬂnivxcgféi)g\xé) does not go to 0 in ﬁ’}re“x@, then it also

UNLY
T, tr,

does not go to 0 in R ;. Take such an f. Then f is nonzero in the completion of T at

the fiber over (x,d), so nonzero at some point in that fiber, so there is & € T mapping down
to (z,0) € 7 such that f # 0 under the map

AN A
OFres (25) = OF 5

(Actually, Richard suspects that 7 doesn’t blow up at points in .77 so this isn’t necessary,
but doesn’t know for sure.) But 7 has a global triangulation, hence so does its completions,
so we get a map

Rumi s 0%

Tz,lr,

These maps commute, so we conclude that f # 0 in R¥™Y ;. as desired. []

Passing to tangent spaces, we have a surjection
Htlr’é(GK, ad T’I) —» T(x,é) yreg

(which Richard again suspects should be an isomorphism).
In summary, we have a local trianguline variety that essentially parametrizes trianguline
deformations of a given 7, except with errors in the parameters at a bad locus.

14.3 Global deformations

Let F be an imaginary CM field with maximal totally real subfield F* such that p splits
in F//F* (by which we mean that each prime dividing p in F* splits in F'). Previously we
saw that Galois representations associated to automorphic representations have target in the
expanded group

4, = (GL, x GL,) x {1,5}

where j(g,A\)j 7! = (Mg, \), which came with the natural map

v:9, — G,
(9, A) = A
g = —1
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Let 7 : Gp+ — 9,(FF) be such that under the surjections Gp+ — Gal(F/F*) and 4,(F) —
{1,7}, we get an isomorphism Gal(F/F*) = {1,j}. Also assume

—n sn

where 6 p+ : Gal(F/FT) = {£1}. We will write 7 : Gp — GL,(F) for the restriction of 7
to Gr. Let S be a finite set of places of F'* including all the ones above p and all the ones
where 7 is ramified.

We have a global universal deformation

’U/I’L’L’U GFJr S — g ( unw)

where Gp+ g := Gal(Fg /FT) where Fd is the maximal algebraic extension of F'* unramified
outside S, and R“”“’ is a complete noetherian local O-algebra with residue field F. We can
again define

;L?g'l'l} _ (Spf R'LLTL'L'U)(ZTL
un“) GF+ S — GL (ﬁ #gi'u),

and

CgF,n = H Cng,n - WF,n = H WFu,n-

v|p prime of F

Actually what we really want is the conjugate self-dual locus
cgcsd C CKF,H
parametrizing (x,,;) such that xc,; = X, .1 and similarly the weight space
cgcsd Wcsd C WF
n
and the regular locus €24 ¢ Ciid. As before, let
greg C %g’w % Cg}?‘ifbl,reg

be the set of points (x, ) where 70|, is trianguline with parameter ¢,. Let .7 be the Zariski

closure of .77 in X;f’gi” X CKCSd Again we have a 7 : 7 — F with the same properties as
before (say with bad set Y'), an equality

T = (T —7Y) N (XFE X Cn™),

and a surjection
UNLY

A
reSitrg ™ Ogreq (2.6)

which is probably an isomorphism. The LHS parametrizes deformations 7 of r, such that r°
is trianguline at all v|p with parameter deforming .

The infinitesimal deformations of r, unramified outside S and trianguline at all v|p with
parameter deforming J are

D, surs(k(@)[€]/(€*) = Tw.5) 7" — Ts W
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This can also be written as

Dy, s(k(@)[e]/(¢*) xg k@[/() Drtja,. s,4r(k(2)[€]/(€%))

olp Pr@0ig,,

— Hl(GFJr’S, ad TI) X@v‘p HY(Gp, ,adr9) @ HtlTé(GFv, ad 7’2)

vlp
H'(Gp+5,ad7,) is an example of a Selmer group, that is, it is of the form Hi, (Gp+,adr,)

where Zs; is as follows. The terminology is that if Gp+ acts on some module M/Q,, we
choose a set £ = {L,} where L, C H'(G+, M) for each place v of F'*, such that

LU = HI(GF;“/IFjaMIFJ_)

for almost all v (say for v ¢ T where T' contains places where M is ramified and places above
p), and define

HY(Gp+, M) = ker <H1(0F+, M) — @ H (Gps, M) /Lv)

= ker (H1(0F+,T, M) — @ H (Gpr, M) /Lv> :

veT
In our case we choose
H.s (Gryadrg)  wlp
Lssw = H(Gpt,adr,) veSvip
HY Gt /Ips,adr,) v ¢S
(We don’t need to take inertia-fixed points in the last case since ad r, is unramified at v ¢ S.)

There are two other important examples of Selmer groups to keep in mind. The local
conditions are

HY (Gt /I, M7 vip

Hi(Gpy, M) =
f( Ff ) {ker(Hl(GFJ,M)—>H1(GFJ7M®BCT7J5)) U|p

HY G, M
H;(GF+,M): ( Ffa ) ) UTp
g ker (H(G p+, M) = H (G, M ® Bag)) vlp
and they give rise to the Selmer groups H}(G r+, M) given by
Ly = {Hp(Gpz, M)}
and Hg (G p+, M) given by

H}(GF+,M) U%S
fgg: 1 v
Hg(GF;UM) veES.

Next time, we’ll relate the tangent space at the global trianguline variety to these Selmer
groups and to the local trianguline variety in order to compute its dimension.
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15 March 4: eigenvariety setup.

15.1 Selmer groups recap

Last time, we chose F//F* an imaginary CM field with totally real subfield and p unramified,
and fixed 7 : Gp+ — 94, (F) where L/Q,, O, and F were chosen. We wrote 7° : Gp — GL,(F)
for the restriction and assumed it was absolutely irreducible. We defined R¥4" to be the
deformation ring for reps unramified outside S, and wrote

X;Lg’w — (Spf R;Ljnsiv)an
This gives rise to 7" : Gp+ — 94,(0O Xl“ém). We defined a trianguline variety

grreg dense Zagskl open T Zarlsklc closed XFugw y %lﬂif 7;1
where 77 consists of pairs (z,d) where r, is strictly trianguline with parameter § and
Gp! consists of conjugate self-dual characters of (F)". Given (z,d) € .7, we saw that
ﬁ’gmg@’ 5 s the universal deformation ring for trianguline deformations of r, with parameter
deforming 9, and that
T(m’é) yreg = Htlré(GF'*',S; ad 7’1)

where the RHS is a Selmer group. We defined Selmer groups in general: you choose Selmer

conditions
L ={L, C H(Gp+,, M)}

which have to be the subset of unramified classes for all but finitely many v, and define the
Selmer group H 4, (Gr+, M) to be the global classes in H'(G p+, M) which everywhere locally
lie in L, C H'(Gp+,, M). For H}, 5(Gp+ g,adr,), we took

Hi(Gp+,adr,) v S
L,= H;(GF+,ad7"J;) veSvtp
Hy 5 (Gprradrg)  olp.

We also wrote down the more familiar versions Hj(Gp+,adr,), where L, = H(G p+,adr,)
for all v, and H§(Gp+,adr,), where L, is H} for v ¢ S and H, for v € S. Remember that
H gl is everything if v { p and the de Rham classes if v|p.

If r, is de Rham, ¢ is noncritical, and (z,d) € 7", we saw that

Hi(Gp+,adr,) — ker (Hé}tr’é(GFJF, adr,) — TéWﬁid) )

This was because Hg,, ;(Gp+,adr,) consists of the classes that locally lie in Hy, 5 , and
the map to weight space factors through the maps to local cohomology, and we know the
statement locally.

We want to look at the difference between H } and Hi. TIt’s a general fact that given
M/Qy, we have

dimo, H}(G s, M)/ H} (G, M) = dimo, WD(MY(1)"r ¥,

76



(MY (1) is called the Tate dual—dualize and twist by the cyclotomic character; it doesn’t
matter whether you dualize before or after taking W D.) For v t p, this is an elementary
computation using the restriction-inflation long exact sequence, which tells us that

Hl(GFjaM)/Hl (GFJ/[FpMIFj) = Hl([}«yﬂ]\/[)GF”+

and since the next thing is H*(GF, /Ips,---) = H2(Z,---) which is 0, this is actually an
isomorphism. Now we have

H' (I, M)©

a
(because we just need to look at the p-power quotient, which is just a copy of Z,, and
HY(Z,,---) is just coinvariants, and then you get a (—1) from the action of Frobenius on
tame inertia). Dualizing this (which doesn’t change the dimension) gives

(v ()'h)

(Frob, —1)

(note that the cyclotomic character is unramified because v 1 p). Since M (l)lftv is a finite-
dimensional vector space, the dimension of the kernel of the endomorphism Frob, —1 equals
the dimension of the cokernel, so

Frob,=1 +.N=0
v

dim H!/H} = dim (MV(1)IFD+> — (MY = WD (1)

where the last equality is the standard transformation from the Galois to the WD action.
For v|p, you need B,,,s and Byz—look it up in the Bloch-Kato paper on Tamagawa numbers

(D).

15.2 Newton-Thorne propagation

Theorem 15.2.1 (Newton-Thorne). Let F' be an imaginary CM field and 7 a PRAC au-
tomorphic representation of GLn(Ap). Fizi: C = Q,. Suppose that rp;(7)(Gr(ce)) i
“enormous”. Then

H(Gp+,adry(m)) = (0).

Here we say that a subgroup H C GL(V) is enormous if, considering the action of H by
conjugation on End(V'), for all nonzero H-invariant subspaces W C End(V), there ish € H
with distinct eigenvalues and an eigenvalue o of h such that if ey o is the idempotent in
End(V') which projects h-equivariantly to the a-eigenline of h, then tr(en W) # (0).

This kind of “enormous” condition is very common in automorphy lifting because to use
Chebotarev density you want to know that H has a lot of elements. It is generally not a
hard condition to check because it can be checked upon passing to the Zariski closure.

The way to prove this theorem is by the usual automorphy lifting arguments. The typical
output of such an argument is “R = T”, and the Rs that come up are H}s: you look at
de Rham lifts of fixed HT numbers/action of inertia, and the tangent space of the universal
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deformation rings is related to H}. When you show that the deformation ring is equal to a
Hecke algebra, since the Hecke algebra after inverting p is just a product of fields, its tangent
space vanishes, and you get H} = 0 as a byproduct.

What’s striking about this particular theorem is the lack of conditions. The “enormous”
condition is only on the image of the l-adic representation. Usually you require such a
thing on the residual representation, which is much stronger and harder to check. Here, for
example, the residual representation can be reducible, which is traditionally hard to deal
with.

The way it is done is a recently popular argument, which started with Khare and Thorne,
where you start the R = T" argument integrally, but once you patch things at infinite level,
you invert p, which makes some difficulties go away. Then you descend from the thing at
infinite level with p inverted. The bad thing about this is it only gives you R = T after
inverting p, and usually that is useless because now T is a product of fields so knowing one
point is automorphic only gives you information about that one point (whereas for Taylor-
Wiles you want to make a connectedness argument). But since the Hecke algebra is reduced,
you do get information about the Selmer group in characteristic 0. So with this approach
you've learned nothing about the Galois deformation ring except maybe that it’s reduced,
but you’ve picked up a surprising amount of information about the Selmer group. (We won'’t
go further into this argument—it would be an entire course to itself...)

Having H}(Gp+,adry(m)) = (0) implies that Hg(Gp+,adr,(m)) = 0. This is because
the difference between the two is bounded by dim H} /H 91 for v € S, i.e. using our previous
calculation by

> dimHomyp (WD(ry(m)ley, ), WD (ry(m)ley, ) (1) = (0)

veES

because we're in characteristic 0 and these have different weights: W D(r,(7)|q,, ) is pure of
some weight and W.D(r,(7)|q,, )(1) is therefore pure of a different weight.

Corollary 15.2.2. Let F be an imaginary CM field and assume p splits in F/F*. Let
be a PRAC automorphic representation of G L,(Ar) such that r,(7)(Gr(,«)) s enormous.
Assume that for all v|p, rp(7)|a,, is trianguline with reqular noncritical parameter §.

Then the map Hg,, 5(Gp+,adry(m)) — Ty#/5 is an injection (because by the theorem
the kernel vanishes), or equivalently we have an injection

Tirpma) 7 = TsH5,)
That is, the trianguline variety is small.

Here is our plan. We are going to construct the global trianguline variety (eigenvariety)
& by automorphic means, and get an embedding & — .. Remember that 7 has a Galois
construction. Both live over # and & — # is flat and same-dimensional. But we already
know that .7 has dimension no greater than #  at a suitable point as in the corollary, since
# is smooth and so has tangent space equal to dimension. So any component of .7 which
contains an automorphic point as in the corollary is in the image of &. So a large union of
components in 7 are already in &. This means we can propagate automorphy: knowing a
few points in .7 are automorphic, we deduce that many components are automorphic, hence
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many Galois representations are automorphic. (To be clear, this doesn’t rule out the possi-
bility that there are components of .7 with no automorphic points. But it’s close to saying
that if a component has an automorphic point then the whole component is automorphic.)

What makes this setting different from normal Taylor-Wiles is that in the rigid world
you've already inverted p but you still have some connectedness. So you can use the usual
argument to calculate the tangent space, but because the result has p inverted, you get stuck
with much fewer conditions than usual.

Richard would not be totally surprised if you didn’t have to start with a classical auto-
morphic point, and could instead start at any point in & and get that the corresponding
point in .7 has tangent space bounded by the dimension of weight space. It’s natural to
conjecture that the global trianguline variety is equal to the eigenvariety. Certainly when
you have a Shimura variety you expect &, .7 to have the same dimension as # (if not, &, 7
may have smaller dimension). You could get R = T integrally up to a finite error and bound
it as you go to co. But if there were a component of .7 with no automorphic points, Richard
wouldn’t know how to bound its dimension (but would still believe it was true).

15.3 p-adic automorphic forms on definite unitary groups

Let G/F™T be the group

G(FT) ={g € GL,(F) | g"c(g) = id.}.

For v|oo, G(F)}) = U(n). The irreducible algebraic representations of G are, for each
k € (zm)Hm(FC guch that k. > -+ > krp, and ker; = —krpni1-4, the highest weight
irreducible algebraic representation oy of G(F). Recall that the automorphic forms on G

o (G(F)\G(Ap+),C) = P

where each 7o, = o, for some k. So

A (G(FH\G(Ap+ ), @gfk G(FP\G(Ap+),C) ® oy

where

D (G(FT\G(Ap+),C)
={¢: G(F")\G(Ar) = 0} | p smooth, p(gh) = h™¢(g)¥g € G(Ap+), h € G(FL)}.

For UP C G(AL"), we can also look at the invariants &/Y" and mod out by U? on the right
everywhere above, so & (G(FT)\G(Ar+)/U?,C), o (G(FT)\G(Apr+)/UP,C), etc. We want
to create a p-adic analogue of this.

How? We could just do &/“*(G(F™)\G(A%¥,)/UP L) for L/Q, algebraic and ¢ con-
tinuous. (Note that putting A%, instead of Ap+ in the middle doesn’t change anything
because there are no nonconstant continuous functions from an archimedean space to a p-
adic field.) Or we could do &7'*(G(F*)\G(A¥,)/U?P, L) where ¢ has to be locally analytic
on G(F;) (i.e. you can cover G(F;") by charts on which it is analytic). Or we could do
™ (G(FT\G(A%,)/U?, L) where ¢ has to be locally constant.
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Now let U, C G (F;r ) be an open compact subgroup. We can consider oy as a represen-
tation of G'(F}"), since it is algebraic. Then we can consider

Homy, (o, &“*/"(G(FT)\G(AY,)/UP, L)) .
This is
{¢: GFN\GAF) = o) |ue U=UPU, = ¢(gu) = upp(g)}-

This is the same thing as the previous o7, except h is at p instead of co. If 7: L — C is
chosen, then

Homy, (o4, /(- , L)) @1, C ™ (G )\G(Ap+) /U, ).

In particular, if
o (Gpe\G(Ap+)) = P,
then fixing @, = C,
Homy, (or, #**(G(F)\G(Ap+)/U". Q) = P (7)".
| Moo =0}

Let’s be more precise. Assume U? = [[U, C G(AL}") be an open compact subgroup, so
that U, = G(Op+,) for v ¢ S, where #S < oo and S contains all primes above p. We can
define the abstract Hecke algebra

A = ® Or [G(Op \G(E]) [G(Opy)]

v spht in F
v place of Ft

where the restriction is with respect to the identity elements. (These places are enough
by Chebotarev density—the Frobeniuses from these places are dense in the Galois group.)
This is commutative, a polynomial algebra in infinitely many variables. J%° acts, firstly, on
A (G(FH\G(AR,)/UP, O)P (this is a finite free O-module; also remember that

G(FTNG(AR:)/UP

is compact so given a function valued in L, some p-power multiple of it is valued in @). Then
the action of 7% factors through

A — T°(UPU,) C End (#*(G(F')\G(A%)/UP,0)")
where T (UPU,) is an O-algebra, finite and free as an O-module. T#(UPU,) then acts on
o (GFNG(AF)/U?,0/pV )™

for U, sufficiently small, because you can get this from & “*(G(F*)\G(AY,)/UP, O)Y just
by tensoring by ®O/p". Taking limits, we get an action of

lim T°(UPU,) =: T*(U?)
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on & (G(FM\G(AY,)/UP, 0 /pNO) 7 and therefore a continuous action of T%(U?) on

A (GF\G(AF)/UP, 0) = lim o/ (G(FY)\G(AF:) /UP, O/p" O)

and therefore on & “*(G(F1)\G(A%,)/UP, L).
Two facts:

1. The number of maximal ideals of T(U?U,) is bounded independently of U, (we proved
this in a special case last year; the proof is the same). Because T(U?U,) is finite over
O, we have

T(UPU,) = [[ T(UPUp)m
m

and by taking inverse limits,

T(U?) = [[ T(U)m

(which isn’t otherwise obvious because T(U?) is not finite over O). T(U?) is a complete
noetherian semilocal O-algebra, and each T(UP),, is a complete noetherian local O-
algebra.

2. There is a continuous (WLOG semisimple) representation 72, : G — GL,(k(m)). We

call m Eisenstein if 7, is absolutely reducible. If m is non-Eisenstein, 7 extends to

Tm : Gp+ — 9, (k(m)) with multiplier ;"% /p+- We have a surjection
REs = T(UP )

because you can show that 7, deforms to the Hecke algebra. (In fact, this is how we
show that the RHS is noetherian.)

Next time, we will define the eigenvariety.

16 March 9: finite-slope automorphic forms.

No lecture next Tuesday March 16 because Richard will be “at MIT” on their “visiting
committee”. We’'ll add 1-2 lectures during spring break. We will probably finish with the
proof of the statement that if one level 1 form has an nth symmetric power lifting then they
all do. (Finding the one form uses totally different techniques that have nothing to do with
the eigenvariety.)

16.1 Recap and loose ends
Let 0 € €, i for K/Q, finite. Recall that we say J is

e regular if for i < j 6;/0; # [ [, ez 7™ for m, € Zxy,

e noncritical if wt,(6;) € Z and wt.(6;) < --- < wt,(6,), and
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e numerically noncritical if wt,(9;) € Z and
max{0,v,((1 -+ ;)(p))} < wt,(dir1) — wt,(5;).

We call a (¢, I')-module M generic if it is trianguline and every triangulation is noncritical.

Example 16.1.1. Let K = Q, and n = 2. Suppose we have a (¢,I')-module M which is
trianguline with parameter (01,d2). Assume wt(d;) = 0 (as you typically get for modular
forms—if you don’t twist by a character, one HT weight is 0). Suppose M is M,;, of the
Galois rep for a weight k& form with £ > 2. Then wt(d;) = k — 1. Since the weights
are increasing integers, M is de Rham, so by admissibility, d1(p), d2(p) are integral. Then
numerical noncriticality says that v,(d1(p)) < k — 1.

On the other hand 6, (p) corresponds to the eigenvalue of U, and is one of the two roots
of the Hecke polynomial, so we also know that v,(d1(p)) + v,(d2(p)) = k — 1, implying that
v,(d1(p)) < k—1. So numerical noncriticality just excludes the case v,(d;(p)) = k—1 (i.e. the
case that the form is ordinary and we're picking the non-unit root of the Hecke polynomial).

Triangulations of filtered WD reps (with HT, = {k,; < --- < k;,}) can also be regular,
noncritical (meaning Fil™ N Fil*~+1 = (0)), or numerically noncritical, and filtered WD reps
can be generic (trianguline and every triangulation is noncritical). It follows from what we’ve
discussed that

{filtered WD reps with a noncritical triangulation} are the same as

{(¢,T')-modules with a noncritical triangulation}

and the definitions of regular, numerically noncritical, and generic match up.

Here are two lemmas indicating why these conditions are important.

Lemma 16.1.2. Suppose (x,d) € 7 and ¢ is numerically noncritical. Then r,, is trianguline
with parameter § (as opposed to some other parameter).

Lemma 16.1.3. Suppose (z,d) € T andr, is generic. Thenr, is trianguline with parameter
d (as opposed to some other parameter).

(Recall that for regular non-critical characters we can also compute tangent spaces and
SO on.)

16.2 More on p-adic automorphic forms

Recall that we set a CM field F/F* and let G(F) = {g € GL,(F) | g"c(g) = id,}, so

for v|oco, G(F,) = U(n). We defined the space o7 (G(F*)\G(Ar+),C) = @, which is

nice because G(F1T)\G(Ap+) is compact. For each m, 7, is a representation of G(F),

which is a product of compact unitary groups; since it is smooth and continuous it must be

algebraic, hence corresponds to some highest weight k = (k.;) € (Z")F""®? meaning

that k.1 > --- > k;,, and k.r; = —k; 11— We called the corresponding representation oy.
For U? C G(AR") an open compact subgroup and L/Q, finite, we then defined

A (G(FIN\G(AR)/UP, L)
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(we don’t need the oo because continuous at co means constant) and saw that it had an
action by
T(U”) = m T(U7}),
U,

the algebra with O = Op-coefficients generated by the Hecke operators at good places. It
is a Banach space over L, and also has an action by G(F,"). Given a compact open U,, we
then considered

Homy, (oy, & (G(F)\G(A%,)/UP, L)) @, C

since 0y, is an algebraic representation of 7, hence makes sense as a representation of G(F,').
By definition this is

{o: GIFNG(Ap+) [G(FL)UP = o) (C) | plgu) = 7(u™")p(g)Vu € Uy}
which is isomorphic to
{: GUFNG(Ap+)/UU, — 0 (C) | 2(gh) = h™'®(g)Vh € G(FL)}
via @ — (g — 9:07(9p) f(9)), and the latter can be written as

Homg s (0k, 7 (G(F)\G(Ap+) UV, C)) = @5 (7).

T Moo =20k

That is, the vectors in the p-adic space that are locally algebraic (as in they locally transform
according to an algebraic representation of G(F;)) correspond to the ones in the space of
classical automorphic forms. The continuous p-adic automorphic forms do not split as a
direct summand of irreducible representations as the classical ones do because we don’t have
the strong smoothness hypotheses, but they have some structure: if we write

G (G(F\G( ?,%)/UP,L):@HomUp(aE,%Cts(G(F+)\G( ) /UP L))

then this has an action of T(U?) and also an action of G(F") which is smooth (stabilizers
of vectors are open), and we get an embedding

D A(GFO\GAR)/UP. L) ® o = o/ (G(FT\G(AF:) /U, L)

which has dense (but no longer surjective) image. The LHS is called the space of locally
algebraic elements of the RHS. They recover the classical representations, in that

A (GF\GAR)/UP, L)@, C=2 P (@) ®m,).

SS=r

Recall that T(U?) is a compact topological ring with finitely many maximal ideals, so

T(U?) = 1], T(U?)w. Given m we had a continuous semisimple 7, : Gp — GL,(k(m)),

which we called Eisenstein if it is absolutely reducible and non-FEisenstein if it is irreducible.
For now, assume 7, is non-Fisenstein. Then it extends to ry : Gp+ = G, (T(UP)y).
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Inside .&7“*(G(F*)\G(A%,)/U?, L), which is an admissible Banach rep of G(F)"), we
have &7'*(G(FT)\G(A%,)/UP, L), the functions which are locally on G(F}") analytic. This
can also be obtained as the locally analytic vectors in .&7“** as a rep of G (£F), and so is itself
an admissible locally analytic representation of G (F};F ).

A'(G(FT)\G(A%,)/U?, L) has an action of the larger ring T(U?)" (we are going to
drop the UP from now on) which can be defined abstractly as O((Spf T)*"); it is a Fréchet-
Stein algebra. More concretely, T™ = [[ T, where

m m

o (2]

p

and .
T = TS, /7]

For example, if T were Z,[T], then Ty, would be the rigid functions on a closed disc of
radius < 1, and T" would be the rigid functions on the open unit disc, so this would come
out to the usual rigid generic fiber. We will write X #¢*¢ = (Spf T)* when we want to think
of it as a rigid space rather than a ring.

The image of the locally algebraic forms lies in the locally analytic space, so we get an

embedding

D A(GFTNGAR)/UP, L) ® oy — /" (G(FT\G(AF,)/U”, L).

The motivation for what we will do next is as follows. In the classical setting, only Eisenstein
series move continuously; cusp forms are rigid. But p-adically, some cusp forms also move
continuously. For both, this happens because they're inductions of characters that move
continuously, at least locally at p. So we want to understand the passage between the
induction of a character from a Borel and the representation of the full group G (F; )—that
is, we want to start with the full representation and pick out the varying character, which
we do with the Jacquet module.

16.3 Emerton’s Jacquet module

We're going to start with a more abstract perspective. Last year, we worked with admissible
locally analytic representations, whose strong duals were coadmissible, or coherent sheaves on
the Fréchet-Stein algebra of locally analytic distributions. For the Jacquet module we need
something slightly more general, called “essential admissibility”, which we didn’t describe
last year, so we’ll do that now.

Let Z be a locally analytic abelian group such that Z/(some compact open subgroup) is
finitely generated (e.g. K*, T(K)). Last year, we defined D!*(Z, L), the dual of the space
of locally analytic functions on Z with values in L, that is the locally analytic distributions
on Z of compact support. This is a Fréchet-Stein algebra.
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We can instead look at 0(¢'(Z)), which is also a Fréchet-Stein algebra. We have a natural
map

Dg(Z,L) = 6(€(2))
e (x> ().

This is an isomorphism if Z is compact, but not in general, as in the following example.

Example 16.3.1.
D2, L) = @ Lo, = LT+
nez

where §,, is the delta function at n and corresponds to T™. On the other hand

O (72)) =0(Gy') = {Z a,T" | VA € Royq, |a,|A" — 0 and |a_,|A™ — 0 as n — oo}

— 00

The map D'(Z, L) — O(¢(Z)) is the natural embedding.

Now let H/K be reductive and V' a locally analytic rep of H(K) on a locally convex
topological vector space of compact type. We saw last year that D!*(H(K), L) acts on the
strong dual V}/ and that V is admissible if and only if V} is coadmissible over D'(U, L) for
some (hence any) open compact subgroup U C H(K). An admissible V' is sort of like a
coherent sheaf over the space corresponding to D'(H(K), L) except that the latter isn’t
commutative.

Definition 16.3.2. We call V essentially admissible if the D'(Z(H)(K), L)-action on V}/
extends to an action of O(¢(Z(H)(K))) and V} is coadmissible as a module over the bigger
Fréchet-Stein algebra

DU, L)® pia(z(mryxyw.n) O (€ (Z(H) (K)))

for some (hence any) open compact subgroup U C H(K). This is the “sensible” way to treat
the noncompactness of the center.

So for example admissible representations of Z are finite-dimensional over L but essen-
tially admissible representations, such as (% (7)) itself, are not. G,, has a copy of Z so
behaves similarly.

Example 16.3.3. If T is a torus, there is an equivalence of categories between
{essentially admissible locally analytic reps of T'(K)} and
{coherent sheaves on ¢ (T'(K))}
taking V' to V). (This is by the definition of coadmissible.)

Suppose H D P = MN where P is parabolic, M is the Levi, and N is the unipotent
radical of P. Emerton’s functor Jp takes

{(essentially) admissible locally analytic representations of H(K)} to

{(essentially) admissible locally analytic representations of M (K)}.
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Usually Jacquet modules are given by coinvariants, but there’s a different classical defi-
nition that uses invariants instead and generalizes better (the classical theory goes between
the two definitions to get different properties). The resulting Jp is V — (V) where
Ny C N is any compact open subgroup and fs (finite-slope) means roughly the following.
Vo has an action by the semigroup

M(E)* = {g € M(K) | gNog™" C No}

which is given by

1
gUv=——— ngv
[No : gNog™!] nENo%Vogl
(which makes sense since we know gNyg~' C Np). Then the finite-slope part is the part
where the M (K)T-action extends to an M (K)-action (i.e. acts invertibly). The important
thing about this is that the output is essentially admissible. Also it is left exact (the usual
Jacquet module is actually exact, but for this Emerton has a counterexample). It commutes
with the action of Z(H)(K).

Given Lie(H) and 4U(Lie(H)), the center 3(Lie(H)) acts on V while 3(Lie(M)) acts on
Jp(V) (since M(K) acts on (V7 0);). The Harish-Chandra map 3(Lie(H)) — 3(Lie(M)),
suitably normalized, is compatible with Jp.

For B C G/F; a Borel and T' C B its maximal torus, consider

Jp("(G(FO\G(AF) /U, L)) ((! - V‘”HTH» =: Jacp(/").

Here the LHS has an action of T'(F,") and we twist it by the given character, where 7 runs
over the embeddings F,” — L. This is an essentially admissible representation of 7' and
produces a coherent sheaf .# (U?) on €. Both have an action of T(U?)™.

Next time, we’ll do much more with this.

17 March 11: the eigenvariety.

17.1 More on Jacquet modules

Recall: let H be reductive over K/Q,, with parabolic subgroup P = M N. We defined Jp,
Emerton’s Jacquet functor taking

{essentially admissible locally analytic representations of H(K)} to

{essentially admissible locally analytic representations of M (K)},

by Jp(V) = (Vo) s, where Ny C N(K) is an open compact subgroup, M(K)" = {m €
M(K) | mNom™ C Ny} acts on VYo and (V™0),, is the largest subspace where this extends
to an action of M (K). This is left exact.

For B =TN a Borel in G, so that €(T(F,})) = €<%, we defined

Jaco((GFNGAE)/UP, I)) = Jn(e/'*(G(F N\G(AE.) /U7, I) ((' | 'H> > |
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This has an action of T(U?)™ and an analytic action of T'(F}), and is essentially admissible
as a representation of T'(F,"), hence corresponds to a coherent sheaf .#» on %CSd By picking
out some element of T(F;“) that isn’t in the maximal compact subgroup (the characters of
which are given by #,, ), we have a factorization

(ﬁcsd Gan Wcsd Wcsd

and it turns out .#y» is already coherent over G&' x 7/“‘1 The theory of the Jacquet module
tells us that the support of .#y» is cut out in G¥' x WGSd by a Fredholm series, that is, one
everywhere convergent analytic function. From this one can conclude that

e each irreducible component of supp .# has Zariski open image in 7/08‘1 (so lives over
the whole of weight space except possibly missing lower-dimensional pleces), and

e supp . has an admissible cover {U;} such that for each i, there is a finite map U; —
Wi C #,¢5¢ with W; admissible open in V/CSd and . |y, is finite projective over Oyy,.

One should think of .#Z» as a sheaf of automorphic forms with nontrivial Jacquet module
(or that are principal series at p). The fibers at a given point of weight space are modular
forms where T is acting on the Jacquet module by the given character.

17.2 Construction of the eigenvariety
Definition 17.2.1. Let #° C End,, (.4 ) be the Ogesa-subalgebra generated by the image
gt "

of T(UP)". (Again we are taking the [trianguline part of the] Hecke algebra and “spreading
it out” over the space of characters.)
Let & = Sp(sZ). This is the eigenvariety.

We have a map
& — supp( M) — W5

such that & — #$3 is locally on the source finite (because .# is finite projective over ﬁy/csd

and so 7 is a locally free sheaf). We furthermore have a map
& — XHecke — (Spf T(UP))™

coming from the map T(UP)" — 2 (remember that T(UP)" = &(XHe*e)). Also keep in
mind that
supp A4 C ‘K“d — WCSd.

Here are some facts that come out of the properties of supp(.#).

e Every irreducible component of & has Zariski open image in WCSd.

e & has an admissible cover {U;} such that U; — W; C W“d where U; — W is finite
and W; C V/CSd is open admissible.

e & has no embedded components, meaning that if p is a prime such that 0% ,/p — 0% ,
then p is minimal. (Intuitively, there is no “funny behavior” at individual points—all
properties spread out throughout the eigenvariety.)
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e & = Hch(Up) En.

o & — XHeche s gpsd (since A is generated by the Hecke operators and Ogesa).

Suppose (6, 0) € Xk x €gd (so 0 is a character of the Hecke algebra and § a character
of the maximal torus). When does (0,9) € &7 By definition, this happens when

Jp(e/"(G(FO\G(A%,)/U", L)) [&é (I - I"_iHTi_1>] 7# (0).

Jp only affects the representation of G(F") and is left exact, so the [#] (i.e. modding out
by ker @) can be moved inside it. So the above is equivalent to

Tp((G(FT)\G(AF)/UP, L)[0)) [é (I ' \""'HTH)] 7# (0).

()

Now o, (G(F*)\G(A%,)/UP, L) is a smooth representation, so a sufficiently small Ny acts
trivially on it, and taking Ny-invariants of the stuff inside the Jg only affects o, where it
picks out the highest weight, i.e. the part where the torus is acting by k. So the above
expression is (0) unless

We know that this contains

D To(A(GFNGAE)/T7, L)o@ o)

In this case, we get

T arto)(GF NG (A /UP, L)[B]) lé (| - |”—iHthfwz->>]

(where this Jp is now just the “usual” Jacquet module). Tensoring this by @ ,C, we get
@ (Wp,oo>UP [9] ® JB(Wp) [é <‘ . |n7i Hthr(5¢)>] .
ﬂ:ﬂoo%’o'(i,l,wt([;i)) T
Elements of this space arise from “refined automorphic representations”
RA, y» = {(m,x) | 7 is an automorphic rep of G(A), C(x) <= Jp(m)(| - ["™)}/ ~

where (7,x) ~ (7', x) if x = ¥’ and 7% = (7/)°. (By strong multiplicity one these equiva-
lence classes would be singletons for GL,, but maybe not for U,. The construction of the
eigenvariety as we wrote it just records what’s happening at p and the good places, and
doesn’t track the other bad places. You could add that, but we won’t need it.)
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Fixing C = Q;, we have
RA,y» — & C XMeke x g
im0 (o0, (L)

where 6, : #° — C is the character such that 75U% 2 C[,] (note that US is hyperspecial
maximal compact and 75U° must be 1-dimensional) and 7, = 0. Note that each 7 gives
a unique 6, but it may give rise to more than one refinement x.

Lemma 17.2.2. C(x) < Jg(m,)(| - |"™") if and only if for all v|p,

1-n —S8S
rec (m| - |'5*) = WD(ry(m)lay, )
has a triangulation parameter x. Equivalently, for allvlp, W D(r,(7)|gy, ) has a triangulation

parameter x.

To prove this, you look at the classification of irreducible smooth representations of
GL,(F,). The supercuspidal support of Jg must be a bunch of characters, which is the same
as W DT~ being a direct sum of characters, and if you calculate them the characters match
up. Furthermore, a WD rep has a triangulation with a given parameter if and only if its
Frobenius semisimplification does (this is a quick calculation from the definitions).

Corollary 17.2.3. If (7, x) € RAnu», then for all v|p, Myiy(1,(7)|Gy, ) is trianguline.

The triangulation character can’t necessarily be determined, but it will be with further
conditions. We call (7, x) € RA, y»

e regular if y is regular, and
e numerically noncritical if for all 7,1,
1.
max {o,vp(@a cox) () + ) g ke i = DK - @p]} <14k — ke
T ISt
where k; ; are the weights of 7.

Corollary 17.2.4. If (7, x) € RA,u»r is numerically noncritical, then M, iy(rp(7)|cy,) is
trianguline with parameter (Xi HT’“W’“”) for all v|p (and this is numerically noncritical).
(Otherwise, the [] T8~ T1=%s might be permuted among the triangulation factors.)

17.3 Geometry of the eigenvariety

Recall that if a point on the trianguline variety is numerically noncritical or generic, then
it is trianguline with the “expected” parameter. The same is true for the eigenvariety, as
follows.

Proposition 17.3.1 (Classicality criterion). 1. (Emerton) If (x,0) € & and § is numer-
ically noncritical, then (x,0) is in the image of RA, yr.
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2. (Newton-Thorne after Breuil) If (z,0) € & and r,|q, is irreducible (Richard isn’t sure
if this is necessary) and generic for all v|p, and ¢ is reqular, then (x,0) is in the image
Of RAnyUp .

The proof of this is analytic/representation-theoretic rather than Galois-theoretic, but it
mirrors the Galois argument for the trianguline variety.

Suppose (z,0) € & and wt,(6;) € Z (this could even be Z,) for all 7,i. Let U be
an affinoid neighborhood of (x,¢) that is an admissible open of & with a finite surjective
map onto the affinoid W C Wﬁfﬂ. Since affinoids behave as if they are compact, we have
v,(d;(p)) < C over U for some constant C' > 0. Consider

0 = é|(ﬁ§p)n H(7'| )T

T

where m,,; € Z. Suppose this is very close to ¢ in Wﬁﬁld. In particular, we should have
#(O ;f,p)toﬂmm, and m.; should be sufficiently close to 0 p-adically. Furthermore we should
include an archimedean condition

Mmrit+1 > nC + th(éz) — Wt7(6i+1) + mer;.

In this case &' € W. That is, we can find a set of (2/,d') € U of this form tending to
(z,d) which is Zariski dense in U, such that (z’,4’) is numerically noncritical (that’s the
archimedean condition). We conclude that any point (z,9) € & with wt,(9;) € Z (or Z,,) for
all 7,7 is the p-adic limit of a sequence of numerically noncritical elements of RA,, y», which
are also locally Zariski dense.

If § is regular, we can choose the approximating points to be regular too. Consequently,
regular, numerically noncritical points in RA,, y» are Zariski dense in any irreducible com-
ponent of & (since the image of that component is Zariski open in weight space). We can
even ensure that these points are n-regular for any n € Z-, meaning that (y;/x;)* # 1 for
1# j and 1 < k < n. This will come up because we will need a representation of GLs to be
n-regular for its symmetric power to be regular.

The overall point is that by Emerton’s classicality criterion, there are lots of classical
points. They aren’t p-adically dense everywhere, but they have many accumulation points.

As a consequence, & is reduced. This is because “no embedded components” means that
it can’t be nonreduced at a single point; if it’s nonreduced it has to be nonreduced along a
whole irreducible component, hence at a classical point, but that would be equivalent to the
classical Hecke algebra being nonreduced, and in fact the classical Hecke algebra generated
by the Hecke operators at good primes is reduced. (If you included operators at bad primes
you might get nonreducedness.)

Furthermore, if m is non-Eisenstein (so 7, is absolutely irreducible), then we have the
global trianguline variety 7 parametrizing trianguline deformations of 7, with a triangu-

lation etc. We have
univ csd Hecke csd
T, C XU s gt o X Heoke o qgest

where the containment on the right comes from the universal representation r*"® : Gp+ —
%,(Tw), which gives a surjection R — Ty, (so XFe* C Xt is a closed embedding).
We know that

Hecke csd
éam C Xm X CgF,n
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and in fact

En C S

Tm

because regular numerically noncritical points of RA,, y» are Zariski dense in &, and these
lie in 7 because the Galois representation is trianguline with the given parameter. The
natural conjecture is that &, the trianguline automorphic things, actually equals .7 _, the
trianguline Galois things. We can frequently prove something like this by showing that
the two have the same tangent space dimension (i.e. the dimension of weight space) at a
nice classical point, so that any component of 7% _ containing a classical point must equal
a component of &, (but technically there could be a component that contains no classical

points). More precisely:

Theorem 17.3.2. Suppose m is non-Fisenstein and that € is an irreducible component
of F, containing a reqular noncritical point (7, x) € RAnu» such that ry(7)(Gr,)) 15
“enormous” (has an element with distinct eigenvalues etc.). Then € C &y. In particular, if

(x,0) € € with either
1. 6 numerically noncritical or
2. Ti|ayp, irreducible and generic for all v|p and 0 regular,
then (x,0) is in the image of RA, yr. In particular v, is automorphic.

(The “enormous” condition won’t be a serious obstruction: if the thing you’re taking a
symmetric power of has open image in G Ls, which is usually the case if you have a compatible
system of [-adic representations that are not CM, you’ll get it by a maybe slightly generalized
theorem of Serre.)

Proof. As discussed above, we have

dim T(W&) ﬂ

Tm

< dim 753! = dim(every component of &).
[

We are currently assuming that m is non-FEisenstein, but we will crucially need to deal
with the case where m is Eisenstein, so we’ll do that next. It’s not too much harder as
long as you're in characteristic 0. (The reason we need this is that mod p, as you take
symmetric powers, you very quickly become reducible. This is good for the part of their
argument producing one lift that we won’t talk about, because it’s easier to prove things are
automorphic if they’re reducible, but an annoyance here.) Then we’ll talk about automorphy
of symmetric powers.

18 March 18: Eisenstein ideals and symmetric powers.

18.1 Pseudo-representations

Recall the following theorem from last week.
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Theorem 18.1.1. Let m be a non-FEisenstein mazximal ideal of T, 7y, its associated Galois
representation, and € an irreducible component of F, containing a reqular, noncritical point
(m,x) coming from RA,u» with 1,(7)(Gr(¢,e)) enormous. Then € C &. In particular, if
(x,0) € € with either

1. 0 numerically noncritical or
2. Tz|qp, irreducible and generic for all v|p and 0 regular,
then (x,0) is in the image of RA, y» and r, is automorphic.

We need to get rid of the non-Eisenstein assumption, because if we take high symmetric
powers of two-dimensional representations, once the power exceeds the residue characteristic,
we never get non-Eisenstein points. Where did this assumption come from? We used the
map R}‘:"” — Ty, which does not exist in the non-Eisenstein case; there might be some
replacement for R%:”, but the more serious problem is that 72 : G — GL,(Ty) does
not exist if 7, is reducible. So instead we use pseudo-representations, which capture what’s
important about a representation but are slightly weaker.

Let I" be a group, R aring, and T': I' — R a class function, meaning 7'(gh) = T'(hg) for
all g,h € T'. Given elements ¢1,...,g, € I' and ¢ = (i1,...,4,) = (i, 01,...,0p—1) = -+ &
cycle in S, (i.e. i1,...,4, is a list of elements of {1,...,n} without repetition), let

Tc(gh ce. 7977.) = T(.gll o glr)

This is well-defined because T is a class function, so you can move the g; to the left.
In fact, if o € S, we can write 0 = ¢ - - - ¢5 as a product of disjoint cycles (uniquely up
to order), and define

Ta(gla"'agn) = Tcl(gl '-->gn)Tcz(gl7"'7gn) "'Tcs<gla"'agn)-

This is well-defined because c; - - - ¢, is unique up to order and multiplication in R is com-
mutative.

Definition 18.1.2. By a pseudo-representation 7" : I' — R of dimension d, we mean a class
function 7' : I' — R such that T'(1) = d and

Z (_1>0T0(gl7 s 7gd+1) =0

065d+1
for all g1,...,94+1 € I' (where by (—1)? we mean sign(o)).

Proposition 18.1.3. 1. Ifr:I' = GL,(R) is a representation, then tr(r) is a pseudo-
representation of dimension d.

2. If R is an algebraically closed field of characteristic 0, and T : I' — R is a pseudo-
representation of dimension d, then there is a semisimple representation r : ' —
GL4(R) with tr(r) = T (note that r can be chosen to be semisimple because the
semisimplification of a representation has the same trace). Moreover, r is unique up
to conjugation.
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Proof. The proof of Part 1 is by the Cayley-Hamilton theorem—if you take the resulting
polynomial relation and write it out as a multi-linear relation, that’s the equation you get.

The point of Part 2 is that it’s a standard theorem that representations in characteristic
0 are determined by their trace. So you can ask what properties does a function have to have
in order to be the trace of a true representation, and the given relations capture that. [

Remark 7. 1. In small nonzero characteristics, when a representation is not necessarily
determined by its trace, there are “better” notions than “pseudo-representations” that
involve tr A’r for i = 1,...,d (since a representation is still determined by these, or
equivalently by the coefficients of the characteristic polynomials). Unfortunately, the
equations needed are not explicit. You can use

e “determinants” by Chenevier, or

e “pseudo-characters” by Vincent Lafforgue,

and they are actually equivalent. Newton-Thorne use these, but for our discussion we
won’t need to.

2. If I' and R have topologies, we can talk about continuous pseudo-representations, and
the previous theorem remains true with 7" and r assumed continuous. (That is, if 7" is
continuous, the corresponding r can be chosen to be continuous.)

3. Pseudo-representations of dimension 1 are characters (the relation becomes T'(g1g2) =
T(91)T(g2))-
If x:T'— R* is a character and T": ' — R a pseudo-representation of dimension d,

(T ®x)(9) =T(9)x(9)

is a pseudo-representation of dimension d such that (trr) ® y = tr(r ® x).

For i =0,...,d, if i! is invertible in R, we can define
7 1 o
(NT)(g) = 5 2;(—1) T,(g,....9).
oED;

Then AT is a pseudo-representation of dimension (‘j) In particular AT is a character. We
have tr(A'r) = Al(trr). We can further define

TV(g9) = (A"'T) & (\"T) ™

and we have tr(r") = (trr)".

If p € Aut(T"), we can define T*(g) = T'(p(g)), and we have tr(r?) = (trr)’.

We are going to be interested in conjugate self-dual representations r, which satisfy an
equation of the form r” = rV ® y, which corresponds to

T7(9) Y (=1)To(g,....9) = dx(g) > (-1)°Tu(g,....9).

0ESy oE€ESq_1

In particular, if r is semisimple and d! is invertible in R, r” = r¥ ® y if and only if tr(r)
satisfies the above equation.
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18.2 Deformations of pseudo-representations

Let L/Q, be finite, O = Op, O/ = F/F, finite. Let I be a profinite group, and assume
that for all open (hence finite-index) subgroups A C I, dimp, Hom(A,F,) < oco. (This is
true if I' = G for K a local field, since a local field has only finitely many extensions of a
given degree, or if I' = Gpg for F' a number field, S a finite set of places of F', Fg/F the
maximal extension unramified outside S, and Gpg = Gal(Fs/F).)

Let T : I' — F be a continuous pseudo-representation of dimension d. A theorem of
Nyssen says that there is

Tum'v T = R%mv

where R%m“ is a complete noetherian local O-algebra of residue field F, and T is a contin-

uous pseudo-representation of dimension d such that 7% (mod m) = T for m the maximal
ideal of R%’“'“, and if T': ' — R is any continuous pseudo-representation of dimension d

deforming T, then there is a unique R%m” — R such that T%" pushes forward to T.

(Note: this is “almost trivial”. For true representations proving the existence of the
universal representation is hard because two conjugate representations are considered the
same, but here you just adjoin a variable for T"""(g) for each g € I' and write down all the
relations. The only hard part is showing that the result is noetherian, for which you need to
use the technical hypothesis about the open subgroups of I'.)

Also, there is a universal deformation satisfying 77 = TV @ y if x : ' — O* is a
fixed character. Technically this isn’t well-defined if p is smaller than the dimension of the
pseudo-representation, but we really mean

T7(9) Y (—1)°To(g,....9) = dx(9) Y (=1)7tr(g,....9)

€Sy oE€ESy_1

for all g € I', which is the same thing in characteristic 0.

Also by Nyssen, if T = tr7 and 7 is absolutely irreducible, then the natural map R —
R is an isomorphism.

If m C T is a maximal ideal, Eisenstein or not, we have a continuous pseudo-representation

T Gpg — T
of dimension n deforming tr7,. Therefore, we have a canonical map

RUTLZ’U 75’ _> ’]I‘m

tr Tm

(where R’é‘r”;;’ ¢ is with the conjugate self-dual condition), which is surjective after inverting
p because T, is generated by Hecke operators at good primes, which usually correspond
to the trace of the corresponding Frobenius. (You have to invert p because actually the
Hecke algebra is generated not only by traces of Frobenius elements but also other coeffi-
cients of the characteristic polynomials of Frobenius elements, which may have denomina-
tors when you express them in terms of the trace. Note that if you work with determi-
nants/pseudocharacters the map is already surjective and you don’t have to invert p.)

So as before we can work with the characteristic 0 fiber of the universal deformation
Xirr, = (Spf Rggﬁ,s)an-
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If z € X7, we get a continuous semisimple true representation

ry: Gps — GL,(k(x)).
Similarly, defining XH¢*¢ = (Spf T,,)?" as before, we get an embedding
anilecke SN Xtr?m-

Even though the residual representation may be reducible, we're mostly interested in irre-
ducible deformations. Inside Xy, 7, we have the irreducible locus

X{rred = {x such that r, is irreducible}
which is a Zariski open subset of Xi,7_ , whose complement is defined by polynomial equa-
tions (see Chenevier’s paper on determinants [4] for a proof—it doesn’t matter whether
you're using determinants or pseudo-representations, because once we’re in the generic fiber,
we're in characteristic 0 and they’re equivalent). Locally on Xff;fnd, one can globalize the
representation: you get a map not necessarily into GL, of the structure sheaf, but the
multiplicative group of an Azumaya algebra over the structure sheaf, so that possibly after
extending scalars to L'/L finite, there is

(punivy GF,S N GLn<ﬁXt"EEd><L’)'
r'T™m

(Outside the irreducible locus this might not be true.) Again in X7 x €¢5¢ we have the

trrm
subset 7177 of points (x,0) where 0 is regular and 7, is trianguline of parameter 9, whose
. . . reg . . . ; d d -
Zariski closure is Z,7,. (So Z.7) C Py, is Zariski dense, and F,7, C X{I72% X €557 is

Zariski closed. In fact ;7 is Zariski open in 7, by Kedlaya-Pottharst-Xiao [6].) "We
also have 4 '
éam C an;lecke,zrred % (g}%’sg C X;:red % cg}%eg

with &, C .7, as before. Again we have the theorem from the start of lecture.

18.3 Symmetric power liftings

Let X = (X1,---,Xn) be a smooth character of (F)". We call x regular if (x;/x;) # 1 for
i # j, and n-regular if (x;/x;)" # 1 fori# jand 1 <m <n—1.

Let & be the eigenvariety for G5, the rank 2 unitary group. Let .7, be the trianguline
variety for GL,. Consider the map

Sym"!: & — .7,
(2, (81, 62)) += (Sym" Ly, (6771, 87205, 037 1)).

A priori the image of this is only in X% x %ﬁj‘f, and we need to check that it really lies in
. But if x is n-regular and numerically noncritical, then r, is trianguline with parameter
(61,82), which implies that Sym” ' 7, is trianguline with parameter (67!, ...,d5 ') and this
is regular. Since the set of such z is Zariski dense, the map is as we said.

Let (m, x) € RA,. Assume that
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e x is n-regular and numerically noncritical,
e for any v|p, the Zariski closure r,(7)(Gr,)?“ D SLsy, and

e Sym" ' r,(m) is automorphic, and equals r,(IT) where II is an automorphic represen-
tation of G,,.

Let € be the component of & containing (7, x).

We claim that Sym™ ' %, which we know is contained in .7,, is actually contained in
&,. We know that Sym™ ' % is connected, and it contains (I, (x7~ %, ..., x5 ")) € RA,.
According to the big theorem we stated, we need to check that

o (XI™,...,x57") is regular, which is true because y is n-regular.

o (Sym" ' ry(m))(Gp,~)) is enormous.

o (Sym™ 'ry(m), (677, ...,657Y)) is noncritical. Keep in mind that we know
01 = X1 H Tk 92 = X2 H 7k
T 2

where {k;1 < k;2} = HT;(r,(m)), because we know (r,(7), (61, d2)) is noncritical.

To check noncriticality: we need
wt, (677 < wt, (677 16) < -+ < wt (0571)

or
(n — 1)]{?7—71 < (’I’L — 2)]{?7,1 + k7—72 <0 K (n — 1)]{?7—72

which is true.

To check enormousness: if r : I' — GIL(V'), let ad r be the representation with underlying
vector space End(V) and (adr)(g)(f) = r(g9) o f or(g)~*. Look at ad Sym"* rp(ﬂ)|GF(<poo).
Since we assumed that the Zariski closure of the image of r,(7) contained SL,, let std be
the standard representation of SLs. Then

ad(Sym"™ ! std) = Sym® 2 std @ Sym® * std @ - - - © Sym” std.

The irreducible components of a representation are the same as the irreducible components
of the Zariski closure, which contains SLs, so the irreducible components of
-1
ad Sym” rp(ﬂ) ’GF(cpoo)

will be direct sums of the constituents of the above decomposition of ad(Sym™ * std). (Note
that if the image of G'r contains SLy, the same is true for Gp(( ), because F((py~) is an
abelian extension of F', and SLs has no nontrivial abelian quotients.)

It suffices to find, for each constituent Sym? std, an element o € G F(¢,00) and an eigen-
value o of Sym”™ ' 7,(7) (o) such that
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1. Sym" ' r,(m)(0) has distinct eigenvalues (its characteristic polynomial has distinct

roots), and

2. if e,0 € End(Sym" ' r,(7)) is the o-equivariant projection to the a-eigenline of o,
then A
tr(eq,a Sym?® std) # 0.

Again since the image of r,(7) is Zariski dense in SL,, it suffices to find o € SLy with these
t

0 ¢!
if ¢ is not a root of unity of small order. The eigenlines are spanned by e{eg_l where
e1, ¢y is the standard basis of std. We want to find A € Sym* std C ad(Sym" ' std) with
tr((projection to ejes /) A) # 0, i.e. Aj; # 0, for some j. That is, we want to know that
each Sym? std C ad(Sym" ! std) contains a matrix A with some nonzero diagonal entry.

(t) tgl)} (with the action of

properties. Let o = < ) Its eigenvalues are t"~1 "3 ... t17" These are all distinct

—Jj

But if we think of ad(Sym" ! std) as a representation of {(

), the diagonal entries are just the 0-weight spaces. So we want

t 0
0 t!

conjugation by Sym é t91

to know that Sym?* std has a 0-weight space for { ( )} This is in fact true for any

even symmetric power of std.

So now we know that any component of & that contains a point where the local Galois
representation has image containing SL,, which is n-regular and numerically non-critical,
and which has a symmetric power lifting, has symmetric power contained in the eigenvariety
for GL,,. Next we need to deduce that the other points are also automorphic.

19 March 23: propagating symmetric power lifts.

19.1 Automatic genericity

Last time, we were looking at &5, the eigenvariety for (G5, the 2-variable unitary group over
some totally real field. We picked some irreducible component 4 C &, containing a point
(m,x) € RAy (i.e. 7 is a cuspidal automorphic representation of Gy and x is a character
of the maximal torus appearing in the Jacquet module of m,). Assuming y is n-regular
and numerically noncritical, that r,(7)(Gr,)?¢ D SL, for all v|p, and that Sym" ' r,(7) is
automorphic, we concluded that Sym" ' % C &, where &, is the eigenvariety for G,,.

Now suppose (7', x') € RA; N€ is such that

o 7,(7")(Gry)?C D SLy for all v|p,
e )’ is n-regular, and

e (7', X’) is generic.
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The first condition implies that Sym" " 7,(7')|a,., is irreducible for all v[p (since Sym™ " std
is irreducible in characteristic 0). The second implies that

Sym™ 'y = (X)) ()" X - - -)

is regular. Finally, we can actually conclude that (Sym”'r,(7’),Sym" ' x’) is generic.
(This is why we’re switching to the generic condition from numerical noncriticality, which
is not preserved by symmetric powers.) Consequently, Sym™ (7', x') € RA,, and therefore
Sym™ ! r, (') is automorphic. (That is to say, if you have one suitable classical point on a
component of &, which remains automorphic after taking the symmetric power, the same is
true for “most” other classical points on the same component.)

Proof that (Sym™ ' r,(7'), Sym™ ! x/) is generic. Let v|p and assume that
WD(rp(n")lcr,) = X1 © X2

with eigenbasis ey, e5, so that the Weil group acts by x; on e;. (If N # 0 the argument is
easier—go through it and see. W D(r,(7')|c,, ) is always reducible because it is trianguline.)
Let 7 : I\, — L and let the HT weights be k;; < k;>. We have

all 7 S kﬂl
Fill WD(ry(7')|ap ) = < (fr) Kry >4 > koo
(0) > k7—12

for some f,.. Genericity is equivalent to saying that f, = a,e; + es for some a, # 0.

Then Sym" ™ (W D(r,(7)|c,, ) has basis e{ef ™"~ for i = 0,...,n—1, and the irreducible
WD subreps are indexed by I C {0,...,n — 1}, corresponding to the submodule with basis
{eles™17" | i € I}. Genericity is equivalent to saying that for all I,

(elen™ i e I) N ((arer + €)™ L, (arer 4 €2)" 2eq, ..., (arey + ex)PLel ™77 = (0).

Shifting our linear combinations a bit, we can also write the second space being intersected

above as
(rer +ex)® @ (57 el T,

We can think of elements of the two vector spaces being intersected as polynomials, with
e; = X and e; = 1. Then it suffices to check that

S aX! £ QX)(1+aX)#

iel

for any a; and polynomial (), unless both sides are 0. We will show that if

d\’ .
(%) S
el

for j =0,...,#1 — 1, then a; = 0 for all ©. The LHS is

S (ayili— 1)+ (i - j+ Das <_é)

el

:O
X=-1
[e3
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This can be written as the following product of a matrix with a vector:

where the columns of the matrix are indexed by I. We just need the determinant of this
matrix to be nonzero. But by successive row operations we can make this matrix look like

which is a Vandermonde matrix, whose determinant is

I (=) —i—a)) #0.

i1,i2€1,i1 712

19.2 The Coleman-Mazur eigencurve

So far we’ve been working with a general rank 2 unitary group over a general totally real field;
now we want to work with the Coleman-Mazur eigencurve so that we can use the calculations
of Buzzard and Kilford. The convention is that the weight space is #, = (KZ; and the
character variety is 6o = yx zx .ox (so we're forcing one character to be unramified). Let
To(M) be the O-subalgebra of Endp(H'(X1(M),O)) generated by T,, S, for ¢ + Mp. For
(N,p) =1,1let T(N) = l'ng To(Np"), a complete semilocal noetherian ring.

The theory that we previously described for O-dimensional Shimura varieties coming from
unitary groups compact at infinity still works well in this setting, because H® and H? are
trivial to understand and so we can pull out H'. Let

Xgiehe = (Spf T(N))™™.

The Coleman-Mazur eigencurve & C X{°* x 4 is a curve living over #, a finite union of
open unit discs. As usual, & — #4 is locally finite on &y and every irreducible component
has Zariski open image (misses a discrete set of points). & is Zariski closed in X¢*¢ x %
and if (z,d) € & then TI‘GQP is trianguline. If 0 is numerically noncritical or rm\GQp is generic,
it is trianguline with parameter 9.

Let RAq be the set of (7, x) such that

e 7 is a PRAC automorphic representation of GLy(Q) (basically, a modular form of
weight k > 2),
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° 7Tp,OO,U1(N) ?é (0)7
e and x = (X1, x2) is a smooth character of Q with x; unramified, such that
o C(x1| - lp, x2) = Jp(mp), and

e T has the same infinitesimal character as (Sym*~2 C?)Y for some k € Zs.

In this setup the central character is fixed, so we have v,((x1x2)(p)) = k — 1 and
HT(rp(r)|c,,) = {0,k — 1}. The Newton-above-Hodge condition implies v,(xi(p)) > 0
for i = 1,2. (m,x) being numerically noncritical is equivalent to v,(x1(p)) # k — 1, or
vp(x2(p)) # 0.

We have a map

RAO — g()
(71.7 X) = (971'7 (X1> XQTlik))

where 0, is the character of the Hecke algebra on (77°°)"1(") and 7 : Q, — L is the standard
embedding. (& is in fact defined as the closure of these points.) Now we can state the same
kind of theorem as before for this eigencurve.

Theorem 19.2.1. Suppose (mw,x) € RAqy (the classical terminology is that this is a “p-
stabilized” form, meaning that it’s an eigenform for U, in addition to the Hecke operators
away from p) is n-regular and numerically noncritical, that r,(7)(Gg,)?“ D SLy, and that
Sym" ! (r,(7)) is automorphic. Let € be an irreducible component of & containing (m, x)
and let (7', x') € RAyN'E be such that X' is n-regular and ry(n')(Gg,)?“ D SLy. Then

Sym™ ! (r, (7)) is also automorphic.

Proof. Let & — XHeke x 4,. We are going to move to the unitary group, for which we may
have to twist the Galois representation by a character. It turns out that we can find a CM
abelian extension F'/Q, a finite etale cover & — &y with some conditions we’ll skip over, a
character ¢ : Gp — ﬁgo, and a map

o — X33 x E5
7= (ralar © 9, 89)

where & € & goes to (z,0) € & —» XHehe x 4, (Note that ¢ can be chosen to force
conjugate self-duality in the target.) We have & p C X;f’}"” X Cfﬁ,ﬁl, and using base change
for F/Q, we find that actually & goes into & r by checking on the Zariski dense set of
classical points. Then we apply the result for unitary groups, and we just need to check
genericity, which we are no longer assuming.

For this, consider the case WD(ry(7')|c,,) = x1 @ x2 (again the non-semisimple case is

easier—exercise). This is generic unless Filffl is x1 or x2; WLOG suppose it is x;. By weak
admissibility, we have v,(x1(p)) > k — 1, v,(x2(p)) > 0, and v,((x1x2)(p)) = k — 1, so these
are all equalities, so x1 and x are both admissible subspaces, so r,(7) = x2® (x1|-|*')e) " is
reducible. But this is not true. (Basically, in 2 dimensions, assuming irreducibility, genericity
is forced.) O
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19.3 Thecasep=2, N =1

Buzzard-Kilford made an explicit calculation of & in this situation. In this case, we have
the following decomposition # = #+ ][ # ~: the points of # are continuous characters of
75 = {£1} x (14 4Zy) (in which 1+ 4Zy = (5) = Z,), and Jo(—1) is 1 on #* and —1 on
# ~. Because the determinant of the corresponding Galois representation is required to be
—1, and we can’t get a sign from a tame prime because there are none, &; lives over only
# ~, which is an open unit disc via the map

W~ — A0, 1)
J = (565(5)) 7t — 1 =: w(d).

(Warning: this is a different normalization from the one in Buzzard-Kilford.)

Theorem 19.3.1 (Buzzard-Kilford). Let # = (b) C #~ be the annulus A(1/8,1) and &(b)
the part of & over # = (b). Then

&o(b) = H &o(b)s

where &(b); — # ~(b) for each i. Furthermore, the map

S(gao(b)l—)cgo—)GZ?i)@
€T — (51,(52) —> (51(2) —> U(51(2)),

together with this isomorphism, induces
W (b) = Q
w — ivg(w).

Note that this implies that the slopes go to 0 as you go toward the boundary. Note
also that the indexing starts at 1, not 0, because we are leaving out the ordinary Eisenstein
component (because earlier we constructed the eigencurve using H' of the completed modular
curve). There are some similar results for higher primes and tame levels but they are not as
precise.

19.4 Twins

Let (7, (x1, X2)) € RA, be such that 7., has the same infinitesimal character as (Sym*~! C?)V.
Assume 7, is a principal series (what we are about to say doesn’t work for twists of Steinberg
representations). Then we have a second point

(m@xz - P75 Oa - B xa - ) € R

(because the Jacquet module contains two characters, one of which is the swapped version
of the other up to normalizations, but you have to twist to keep the second component
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unramified). Let 7 be the “twin” map associating one of these points to the other; it is an
involution. We have

s(r(m x)) +s(m, x) =k —1
w(m,x) =5 xa(5) 7 — 1
w(r(m, x)) = 5" *xa2(5) — 1.

Note that w(w, x) and w(7(m, x)) have the same 2-adic valuation, because x2(5) and y(5)~*
are the same distance from 1. So if (7, x) € &4(b); and 7(7, x) € &(b), then

(k—1) = (i +i")va(w(m, x)).

Here are a few more observations about p = 2, N = 1. In this case (7,x) € RA is auto-
matically numerically noncritical and rp(7r)|GQp irreducible, because violating these requires
having an ordinary component of slope 0, and & for p = 2, N = 1 does not (we left
out the Eisenstein component). Furthermore, (75(7)|a,, )7 D SLs, because otherwise we

would have 79(7)|c,, = Indgi2 ¢ for some K/Q and character ¥, so that WD(rz(7)|g,,) =

Ind%ff Y|w,, but this is reducible because it is trianguline. So the induction decomposes,
which means we must have 9|, = ¥|w, where Gal(K/Qq) = {1,7}, so ¢” = ¢ since the
WEeil group is dense in the Galois group, so 7’2(7T)|G@2 is reducible, but as we just checked, it
is not.

Corollary 19.4.1. If (7, x), (7', X) are in the same component of & forp =2, N =1, x,x
are n-regular, and Sym”™ ' r () is automorphic, then Sym™ ' r,(7) is automorphic.

19.5 Conclusion

Lemma 19.5.1. Suppose 7 is an everywhere unramified PRAC automorphic representation
of GLy(A) and ms has the same infinitesimal character as (Sym*~* C?)¥. Suppose that x is
a refinement of wo. Then x is n-reqular for all n.

Proof. Since the WD rep is everywhere unramified, we can write WD(r2(7)|g,,) = (Froba),
where Frob, has eigenvalues «, 3. We need to know that «//f is not a root of unity.

Fact (see e.g. Serre [10]): if f is a newform of weight k& and level Np” with N prime to
p, then there is a newform f’ of level dividing N and weight & with 2 < k' < p 4+ 1 such
that r,(f) = r,(f") ® x for some character x. So the ratio of the eigenvalues of r,(f)(o) is

congruent to the ratio of the eigenvalues of 7,(f’)(¢) mod a prime above p. So if we want to
know what the possible ratios are for 7,(f), we only have to look at forms of weight between
2 and p+ 1 and level dividing N.

For N = 1 and p < 11, the only such forms are Eisenstein series, and we know what
their associated residual representations look like: depending on normalization, we have
rp(Ey) = 1@ €)% where Ej, is the level 1 Eisenstein series of weight k. So

7p(Ex) (Froby) = diag(1,2"7')  (mod prime above p).

For example, for p = 3, the possibilities are Fy and Ejy, for both of which r3(f)(Froby) =
diag(1, —1). Therefore, up to twist, we must have 7“3(77')88 = 1P€;, and o/ = —1 at a prime
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above 3. Since reduction mod 3 is an injection on roots of unity of order prime to 3, if o/
is a root of unity, it has to be —1 times a 3-power order root of 1. But similarly, using 5
instead of 3, we find that o/ must be +i times a 5-power order root of unity. Nothing is
both, so this is impossible. O]

So now we can drop the n-regularity assumption too.

Now suppose (71, x1) and (72, x2) are in RA, with 7, my unramified everywhere. Then
(m;,x;) will be on the same irreducible component of &, as some &y(b);(;) (since each irre-
ducible component has Zariski open image). Choose z; € &y(b);(;) with

w(z) = 52T g

(which has vy = 2) for sufficiently large m to be determined later. Let z; = (7}, x}j) and let
725 = (77, xj). We have 7z; € &(b);(j)» where

2i(j) +2m+ — 2
2

i(j) = —i(j) =2 — 1.

So on the i(1)-component we have (71, 1) and (7}, x}), the latter over weight 52(1+2" =3 _1
On the (2™ — 1)-component we have 7(7}, x}) = (77, x7). On the i(2)-component we have
(72, x2) and (75, x4), the latter over weight 5%*®+2" =3 _ 1 Then 7(n}, x4) = (74, x%) is
also on 2™ — 1.

If the symmetric power of a point is automorphic then the symmetric power of its twin is
also automorphic, since one is just a twist of the other. So Sym™ '(m;, x1) is automorphic if
and only if Sym" ™" (w{, 1) is, iff Sym"™ ! (x{, x{) is, iff Sym™ ! (ny, x5) is, iff Sym™?(m, x5)
is, iff Sym™ (2, x2) is.

We conclude our main theorem.

Theorem 19.5.2. [f one level one elliptic modular newform of weight k > 2 has an (n—1)st
symmetric power lift to GL,(A), then all such forms do.

(Technically we should make sure that if we have two points on & on the same component,
and we choose lifts on &, we can choose them so that they end up on the same component
in & p. We can in fact do that.)

The rest of the paper is constructing one such form.
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